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MODULARITY OF COUNTING FUNCTIONS OF CONVEX PLANAR
POLYGONS WITH RATIONALITY CONDITIONS

KATHRIN BRINGMANN, JONAS KASZIAN, AND JIE ZHOU

ABSTRACT. We study counting functions of planar polygons arising from homological mirror sym-
metry of elliptic curves. We first analyze the signature and rationality of the quadratic forms
corresponding to the signed areas of planar polygons. Then we prove the convergence, meromor-
phicity, and mock modularity of the counting functions of convex planar polygons satisfying certain
rationality conditions on the quadratic forms.

1. INTRODUCTION AND STATEMENT OF RESULTS

Since the work of [12, [14] there has been growing interest in indefinite theta functions arising
from generating functions of genus zero open Gromov—Witten invariants and homological mirror
symmetry of elliptic curves and of related manifolds. These generating functions are concrete ob-
jects due to the simplicity of elliptic curves: they are simply counting functions of planar polygons.
Such a counting function of planar polygons with N sides and fixed angles has the form

Og(z;7) = g X (n + Q) OMWe2miBnz) o~ pipeH, z=x+iye CN 2, q:=e>",
v
neZN—-2

Geometrically, m+¥ corresponds to the side lengths of the polygons being enumerated, Q(n) arises
from its signed area, and B(n, z) from its weighted perimeter. The term x(n+ ¥) is determined by
the FEuler characteristic of the moduli space of genus zero holomorphic disks in the elliptic curve. Its
support only contains points in ZV =2 that give rise to polygons with non-negative areas instead of
the full lattice. It is expected from homological mirror symmetry [7] that these generating functions
exhibit modular properties. In a series of works [2, 3], [4] 8, 0] 1T} 12| 13} [14] it was proved that
this is indeed the case for the enumeration of certain types of planar N-gons for N < 6. In this
paper, we systematically extend the previous studies of individual cases to a large class of counting
functions, namely those of convex planar polygons. Notably, the previous studies used rationality
satisfied by quadratic forms and defining normal vectors. Since such rationality is difficult to access
for the more general geometric objects, so complications arise in our setting.

For positive definite rational quadratic forms @, such generating functions (with x = 1) are
(positive definite) theta functions, thus modular forms of weight % — 1 (or Jacobi forms if one
includes the elliptic variable z). Since ¢?™ produces exploding terms for indefinite quadratic
forms, one can restrict the summation to a suitable cone to obtain a convergent series, which usually
breaks modularity. Through Zwegers’ thesis [I7] and later extensions to arbitrary signature [11 [5, 9],
modularity properties can be recovered by adding a real-analytic function yielding a “completion”
that is modular of weight % — 1 and whose non-holomorphic differential properties depend on
the signature of the quadratic form. More explicitly, we write the indicator function of the cone
as a linear combination of expressions of the form vazl sgn(B(cj,a)), where C' = (c1,...,¢cN)
are the normal vectors of the hyperplanes bounding the cone. To obtain the completion, one
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exchanges each sign product by a smoothed replacement Fq ¢, called the generalized error function
(see ) Note that Eg c(a) approximates the sign product with suitable exponential accuracy
as |la|]| — oo, where || - || is the Euclidean norm, to ensure convergence of the resulting theta
function despite the growth of ¢9(®) in regions with Q(a) < 0. Furthermore, the generalized
error function satisfies Vignéras’ differential equation in Theorem of [15] yielding modularity.
Since the generalized error functions used in the completion contain a factor /v, the completion is
usually not holomorphic. However, applying non-holomorphic derivatives simplifies the differential
properties leading to the concept of depth. Following Zagier—Zwegers, recursively define the space
zmg of mock modular forms of weight £ and depth d, and the space of their modular completions
ﬁi, where mock modular forms of depth zero are ordinary modular forms (53\10 = MY = My), as
follows:

Definition 1.1. A mock modular form h : H — C of weight k and depth d > 1 is the “holomorphic
part” (see Theorem D of a real-analytic function h, called completion, that transforms like a
weight k£ modular form and satisfies

9 - e

—h e @vimi © Moy,

The presence of isotropic vectors in the summed cone of the counting functions, which geo-
metrically correspond to degenerations of polygons into line segments, leads to more interesting
phenomena. A detailed analysis of the growth behaviour of the quadratic form close to such points
is thus included to determine convergence and meromorphicity of the counting functions. Further-
more, new techniques on generalized error functions for negative semi-definite quadratic spaces are

introduced for the study of modularity. Applying these results and the limiting techniques, we
obtain the following modularity result.

Theorem 1.2. Assume the positivity condition (2.7) and the rationality condition (2.15). The
reqularized counting function GQerceg’ with Xrgg gwen in (5.19), is a linear combination of mock
modular forms of weight at most % — 1 and depth at most N — 3.

The following example demonstrates what the generating function and the corresponding mod-
ular completion look like.

Example 1.3. The enumeration of isosceles trapezoids is given by [3) [13]

L y l(71,27112) 2mi(n1z1—n2z2)
f('Z)-—EZX(nJrv)q2 172)e ,
nez?
where x(w) = L(sgn(wy — w) + sgn(ws)), with sgn(z) = far for x #0, sgn(0) := 0. In this case,
we have

1
Q(n) = 3 (nf —n3), B(n,z)=n121 —naze, forn=(ni,n2)€Z? z=(21,2) € C.

Assume that z1, 2o satisfy 0 < y1 —ya < v, 0 < yo < v. Denote c; = (1,1)T, ca = (0,1)T. Then
the above generating function can be rewritten as

f(2) =5 3 (sen(Bler, n)) - sn(Blca, m)) g () e2ritmaa—naz)

nez?
and is related to so-called Appell-Lerch functions. One then has x* = x according to (5.19).
Using the results in [I7], the modular completion of f(z) is
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where E(x) :=2 [ e~™dt is the error function.

The paper is organized as follows. In Section [2 we study properties of the signed area of planar
polygons. We analyze the signature, positivity, and rationality of the corresponding quadratic form.
In Section [3, we prove convergence of the counting functions of convex planar polygons satisfying
the positivity and rationality conditions given in Section This requires an examination of the
structure of the isotropic vectors contained in the range of summation in the counting functions. We
also consider the correspondence between counting functions of degenerate polygons and restrictions
of theta functions on faces of cones. In Section |4, we develop some tools for the study of modularity
of indefinite theta functions for negative semi-definite quadratic spaces, such as generalized error
functions. In Section |5, we prove modularity of the counting functions of convex planar polygons
studied in Section [3] In Appendix [A] we discuss deformations of polygons with fixed angles.
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2. SIGNED AREA OF PLANAR POLYGONS

2.1. Elementary properties of the signed area of planar polygons. For N > 3 consider
N-gons with non-zero angles ; and non-zero side lengths A; (1 < j < N). The vertices and the
correspondingly sides are labelled clockwisely and cyclically (mod N). The k-th side vector has
length A and the angle at the vertex labelled by k from the (k — 1)-th side vector to the k-th side

vector is 6y € (—m,0) U (0, 7); see Figure [1| below. The angles satisfy Zi\;l 0 = 27 and, since the
N-gon is closed, we have with ¢y := Zk O,

a=1

> Ae k=0, (2.1)

Ak—1

FiGURE 1. The outer angle at the vertex labelled by k of the polygon is 6, for
1<k<N.

Definition 2.1. An N-gon is simple if no non-consecutive edges intersect. Otherwise it is complex.
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If a simple N-gon further satisfies 6 € (0,7) for 1 < k < N, then it is convex. If 0 € (—,0)
for some k, then the N-gon is concave at the vertex labelled by k. Note that an N-gon satisfying
A = 0 for some k is in fact an (N — 1)-gon. We study the signed area of simple polygons defined
by using the cross product; see Appendix [A] for discussions on complex polygons.

FIGURE 2. From left to right: the polygons are simple and convex, complex, simple, complex.

Lemma 2.2. The signed area of the simple N-gon is given by (A = (A1,...,Anv_2)T)

1 e e M N
Q=1 3 snley—p)sinlona— )y g sinloy — o) sl — ),

sin(@N) sin(QN)

1<j<N-2 1<j<k<N—2

Proof. One connects the vertex labelled by 1 with the rest of the vertices to cut the N-gon into
N — 2 triangles. Computing the signed area of each triangle using the cross product and summing
yields

N-2 [ &k

1 io w 1 . .

—3 g E Aje i | (Nppre R ) = 5 E (sin(eg) cos(p;) —sin(p;) cos(¢r))Aj k. (2.2)
k=1 \j=1 1<j<k<N-1

Simplifying this gives an alternate form for the signed area
1 .
5 Z sin(er — @)\ Ak (2.3)
1<j<k<N-1
Furthermore, one can easily solve for Ax_1, Ay by considering the real and imaginary parts of (2.1
N = sin(0y) 7 N T sin(fy) 7 '

We split off the terms with £ = N — 1 in (2.2)) and plug in Ay_1 and pn_1 = 27 — Oy to obtain

j=1

. ) . cos(On
AN =- Y sineeostein- Y sinlensinle)
1<j<k<N—2 1<j<k<N—2 N
1 sin(p;) . 9
_z P ON)AS.
2 Z sin(fn) ey + o) !
1<G<N-=2
Combining the first two sums, using a trigonometric identity, gives the claim. ]

We next extend the signed area formula in Lemma toA; € R (1 <j < N —2) and denote
the resulting quadratic form by ). For simplicity, we employ the following definitions:
_ <_Sin((,0N — 90j)> _ (Sin(‘PNl - ‘:Oj))
sin(fy) 1<j<N—2 sin(0n) 1<j<N—2 7
Anv_1 =l X, Ay =w! - (2.5)

)



We also use the standard basis vectors e; := (5j71,5j72,...,(5j7N_2)T for 1 < j < N —2. The
symmetric matrix A = (A;;)1<jk<nN—2 corresponding to @ is given by
Ajk = Sin(9N>vmin(j,k)wmax(j,k)' (26)

The following results, which follow from geometric intuition (that the signed area is independent
of the choice of the reference vertex), can be proved directly using Lemma and equation ([2.1)).

Lemma 2.3.

(1) Any N — 2 consecutive parameters (enumerated cyclically) from A\, (1 < k < N) provide a set
of independent parameters for the signed area.

(2) The signed area formula is invariant under cyclic permutations on the labellings {1,2,..., N},
i.e., for a polygon with side lengths (A1, A2, ..., AN) and a cyclic permutation o € Sy we have

1 sin Po — Yo sin Po(N-1) — Po(j
an--1 % ( (N)sin( ) - (Po ;) (J))Ag(j)
1<j<N—2 Po(N) — Po(N-1)

3 sin (0o(n) = Po(j)) 8 (Po(v—1) = Po(k))
1<jheN—2 sin (@o(N) = Po(N-1))

Ao () Ao (k)

Remark 2.4. While any N — 2 consecutive side lengths can be chosen to provide independent
parameters for the signed area, this is not necessarily true for non-consecutive ones as can be seen
by considering the coefficients of Ay—1,An in terms of \j (1 < j < N —2). A direct calculation
shows that the dependence occurs exactly if there exist 1 < j,k < N such that sin(¢y — ¢;) = 0.
Geometrically this means that the j-th side of the polygon is parallel to the k-th side.

2.2. Non-negativity of signed area functions. We next determine conditions that ensure a
positive area or equivalently, positive values of the quadratic form ). While simple polygons have
a positive area, checking simplicity in terms of the angles and side lengths is not convenient. In
this paper, we only consider polygons satisfying the following positivity condition

0 € (0,m) for 1<k<N. (2.7)
We obtain the following result, using the approach of Lemma [2.2] and induction.
Corollary 2.5. Assume (2.7)) and either \i, >0 or A\ <0 for all 1 <k < N. Then Q(X) > 0.

Remark 2.6.

(1) We use instead of the more common convexity, since we consider deformed polygons
with fixed angles but arbitrary values of side lengths \,. A deformed polygon is not necessarily
convex. For example, the second polygon in Figure[3is a deformation of the first one, it satisfies
(2.7) with some negative side length and is not convex; see Appendi:rfor further discussions.

(2) Without , the positivity of the side lengths A\, alone does not imply the positivity of the
signed area; see the fourth polygon in Figure[d as an example.

By Corollary and continuity, Q(A) > 0if Ay >0or Ay <O forall 1 <k < N.

2.3. Integrality of signed area functions. Next we consider some integrality conditions that
we impose on the polygons to ensure convergence and ellipticity of the resulting counting functions.
For this we extend the definition of vg,wy to k € {N — 1, N} according to (2.5]) to define

M': (Ul UN -2 -1 O)

wp - WN -2 0 1
Then (2.1 is equivalent to



By Lemma [2.3] any two consecutive columns of M are linearly independent. In fact, using

sin(a + 5 + ) sin(7y) + sin(«) sin(5) = sin(a + ) sin(5 +7) , (2.9)
we have )
dot (vk vk+1> _ 81151(9;6“).
Wk Wh41 sin(fy)
Let
€1 0 0
ap 0 0 e - 0
P = <01 az) € GLo(R), S = 2 0 € GLy(R).

0 0 0 ey
Assume that (61,6, ...,0x) are such that, with eg (1 < k < N) the standard basis vectors in RV,
PIMS (er ext1) € SLo(Z) for alll <k < N. (2.10)
Here again we use the cyclic ordering in the sub-indices with, for example, en41 := ey.

Lemma 2.7. The following are equivalent:

ere erist € 1 <kL such that for any solution to (2.8 with A\ = nkeg, ng €

1) Th #0 E<N h that f ! (2.8) with A Z
(k€ {o(1),0(2),...,0(N —2)}) implies that ny, € Z for k € {o(N —1),0(N)}.

(2) There exist P and S such that (2.10]) holds.

(3) For 1 <k <X set by, := sin(01) sin(0s) . sin02x-1)  Tpepe egists t € R\ {0} such that

27 sin(d2) sin(@s) ~~ “sin(fzx) -
t=by_1 ifN=1 (mod2), by =1 if N=0 (mod2), (2.11)
and Lsinloy —u) g basinlen e g
bor  sin(foki1) t sin(On)
1 tsin(on—1 — ©or+1) sin(pn—1 — Yax)
- : cZ, —b , cZ. 2.12
bgk sm(92k+1) 2k SIH(HN) ( )

Proof. Comparing with (2.10)), it is clear that (1) and (2) are equivalent. Note that if the
image of, say, Ay(y_1) is not an affine transformation of Z, then it is dense in R.

To prove that (2) implies (3), note that a; = +eny_1 and as = Fey. For notational simplicity,
we choose a1 = —en_1 and as = e). We let

€k EN-1

T = — (1<kE<N-2), ti=— . (2.13)
EN-1 EN
The integrality in (2.10)) is equivalent to xpvy ,txrwy € Z for 1 < k < N. The unimodularity in
(2.10) gives l’kxk_i_ltSls?r(l?g;;) = 1, which we recursively solve to obtain
x1 sin(6;) bak sin(0n) ; 1
x = ———"— Xop=—— r1v1 = tery_own_o = —1.
2k+1 bor 50 (020 11) 2k t21 sin(01) 101 N—2WN—2
Inserting x; = —%, we obtain
1 sin(6y) v1bog sin(Oy)
T U =1 TopUop = — U U € v, twj.

Applying twy_oxy_o = —1 gives (2.11)). Plugging in the above expressions for zoj1, o, the
entries of the matrix U = P~ MS simplify as

1 sin(en — ©art1) _ bosin(on — @2k)

Uy o1 = oy, = ensin(en = em)
1,2k+1 b2k Sin(92k+1) 1,2k ‘ Sln(QN)

Uy o — _ L tsin(on-1 — i) R ksm(@N” — o)
2,2k+1 bog sin(fapi1) ; Uz 2 “n(0y)



The integrality condition in (2.10) then gives (2.12). The above argument that (2) implies that (3)
can be reversed, yielding that (3) implies (2). O

Example 2.8. For N =3, (2.11)) and (2.12)) are trivially true. For N =4, one directly checks that
these conditions are satisfied as long as the consistency constraint by = Zﬁgz”ﬂ =1 holds. By
) sin(fa)
(2.9), this becomes sin(fy + 63) sin(03 + 04) = 0. It is satisfied if and only if the 4-gon has parallel
sides. For N =5, the conditions become
sin(6y + 9k+1) sin(fx+1 + Og+2)
sin(ﬁk) sin(0k+2)

For example, this is satisfied if 01 + 0 = m = 05 + 03.

eZ for 1 <k <5.

It is sometimes necessary to work with the fixed set of independent parameters Ay (1 < k < N—2).
This naturally leads to the following more relaxed condition than (2.10), namely

U =P IMS € Matyyn(Z).

That the above equation is solvable means geometrically that any polygon with A = (A1,...,An_2),
where \; € Zeg, 1 <k < N — 2, satisfies Ay € Zey, k € {N — 1, N}. In fact, recall from (2.8]) that
AN—1 vy L. un—2 A1 vier ... UN-—26N-2 n1
R Il AR = I I [l I E Ot S N I R A
EN N N AN—2 N N nN—_2

The relaxed condition means that the 2 x (N —2) matrix in the last expression has integral entries.
Before proceeding we need the following.

Definition 2.9. A matrix with integral entries is primitive if its rows and columns are primitive
vectors.

Lemma 2.10. Let

wl “ e wa2

0
M:<v1 vN2>’ g — 0 52 8

Then the following are equivalent:
(1) We have

sin(on — ) sinlen—1 = 95) {0} forall 1<jk<N-—2. (2.15)
sin(on — ;) sin(py—1 — ¢k)

(2) There exist P,S such that
U =P ' MS € Mataun(Z). (2.16)
(3) There exist P, S such that

U=P 'MSe Matoy (n—2)(Z) is primitive, STAS e Mat(n_2)x(n—2)(Z)- (2.17)
Here the matriz A corresponds to the quadratic form @ given in ([2.6)).

Proof. Note that (2.15)) is equivalent to f—:(%’)*l € QU {oc}, forall 1 < j,k < N —2. Clearly (1)
and (2) are equivalent. From the definitions of M, S, M,S, and (2.14]), (3) implies (2). To prove

that (2) implies (3), note that (2.16]) is an equation for the variables in (2.13) and ey_;. For a
7



solution to (2.16)), one can scale the set of variables in (2.13]) by integers suitably to meet (2.17)),
determining them up to sign. In particular, for such a solution, inspecting the entries of U

Vj€5 WEEE

=vjzj-twpry € Z, 1<j,E<N =2
EN-1 EN

Recall the definition of A given in (2.6). Then we have

2
EN-1
t
EN-1
t

sin(fn)vjejwrer = sin(fn) vjz; - twpxy if1<j<k<N-2,

(STAS)jk = €jAjk6k = )
vprg - twjz; f1<k<j <N -2

sin(On)w;ejoker = sin(fn)
We take a solution to (2.16) that satisfies t > 0 and set en_1 = (m)%, proving the claim. [

Remark 2.11. If one exchanges the parameters with another set of N — 2 consecutive parameters
as independent ones with the same set of numbers {ex}i<k<n, then, by , the integrality of
the N — 2 numbers A\r only implies rationality of the remaining two. Equivalently, the same set
of polygons determined by X € SZN=2 is described by a scaled sub-lattice of ZN72 (instead of a
full one) in terms of other N — 2 consecutive parameters. Thus the cyclic symmetry (such as the
one exhibited in Lemma among the indices 1 < k < N still exists, as long as only rationality
structure is concerned. That the cyclic symmetry respects rationality is argued above from the point

of view of linear transformation via (2.16|), but it can also be checked using (2.15) and (2.9).

Hereafter, we assume that (2.15]) holds. For definiteness, we fix a solution {ej}1<x<n satisfying
(2.17). We also omit the notations for ey, if it is clear from the context.

3. CONVERGENCE OF COUNTING FUNCTIONS OF CONVEX PLANAR POLYGONS

3.1. Counting functions of convex polygons. Following [3, [12], [14], we define

O (2:7) 1= g A 2MB@B) Ny (n) (sgn(ny_s)) N EgRM2mBE ) (3.1)

neZN2+a
Here z =: a7t + B with o, 8 € RV"2) B(a,b) := Q(a + b) — Q(a) — Q(b) is the bilinear form
associated to @, sgn(z) := I%I for  # 0, sgn(0) := 0, and 9 is the characteristic function for

{A€ 0,000V An_1, Ay > 0} U{A € (—00,0)Y 2 1 Ay_p, Ay <0} TRV 2
T

with Ay_1 := v? - A, Ay := w? - X. For use below, we also define zy_; := vT - z, 2y = w! - 2.
Geometrically, (3.1]) represents the fact that the summation is over those polygons with fixed angles
0 (1 < k < N) whose side lengths are related to the reference side lengths a by shifts by integral
multiples of some fixed vectors; see [3], as well as Appendix |A] for detailed discussions. Define

x(n) == ¢(n)sgn(ny o)V ",

In terms of A\, = ng, 1 < k < N, one has
N N
XN =T HO) = DM ] HM) (3.2)
k=1 k=1
with H the Heaviside function, i.e.,

1 ift
H(t) = if ¢t > 0‘,
0 otherwise.

We rewrite (3.1))
Ogn(ziT)= D X (n + E) QM) 2B )

neZN-2 v
8



The series in is divergent if the summation range contains n with Q(n) < 0. This does not
occur if the positivity condition on angles 0 € (0,7) (1 < k < N) is imposed. In fact, by in
the summation range either A\, > 0 or Ay <0 for all 1 <k < N. Then one applies Lemma [2.2] and
Corollary In either case, the corresponding polygons being counted are actually convex.

Remark 3.1. Without (2.7), Q can be negative as explained in Remark |2.6] (2). To avoid the
resulting divergence of ©¢ ., one has to restrict the summation range in (3.1) to its intersection
with the range {x € RN=2: Q(x) > 0}. We will return to this topic in future investigations.

3.2. Structure of isotropic vectors. The counting function of convex polygons is an indefinite
theta function associated to the quadratic form Q. Define A := {X € RV=2: x(A) # 0}. Then A
is a polyhedron, which is a cone over a compact polytope. By Corollary one has Q(x) > 0 for
x € A. However, this does not imply convergence of ¢, since A is non-compact and its closure
might contain vectors in {z € RV=2: Q(z) = 0}. The discussion on the convergence of O, hence
requires the study of isotropic vectors contained in the closure A.

Lemma 3.2. If 0 € (0,7) for 1 <k < N, then the quadratic form Q has signature (1, N — 3).

Proof. We prove the claim by induction. The cases N € {3,4} are clear by direct computations
on the corresponding quadratic forms. Assume that the statement holds for 1 < n < N — 1 with
N — 1 > 4. We show that it then also holds for n = N. First it is easy to prove by contradiction
that there exists some k such that 0y + 6,41 < 7. By a relabelling of the vertices if needed, we can
assume that k = 2 for definiteness. Then we make the following change of variables

sin(63) sin(62)

= omOs) — X, M\, A<k<N-2 (33
p1 = A1 Sn(0y + 03) 2 B3 = A3 32 Wk = Mg (3.3)

Denote gt = (1, 13, ..., pin—2)". One can check by a straightforward computation that
sin(f) sin(f3)
2 sin(92 + 03)
In fact, recall from the proof of Lemma that one has from ([2.3))
1 .
AT A®61,09,...,0N)X = 3 > sin(er — @) AAk,
1<j<k<N-1
where Ay_1 is given by (2.4]). The same computations yield
1 .
plA(01,09 403,04, ..., 0N p = B > sin(er — @)t

1<j<k<N-1
jk#2

with py_1 similarly given by (2.4) puny—1 = Zje{1,~--,N—2}\{2} %/‘j' Plugging (3.3)) into the
above expression for py_1, we have

_ sin(ipy) sin(¢1) sin(f3) + sin(¢3) sin(fz) ) sin(¢3)

ATA01,6,,....00)A = M+ T A, 05+ 63,04,....008) 1. (3.4)

ot 3 ),

AN = sin(fy) ! sin(fn ) sin(f2 + 63) 2+ sin(fn) <l sin(fy)
Applying (2.9), one has
sin (1) sin(2) sin(s3) sin(;)
1= = A , Ao+ — A3 + - Aj = AN-1.
N1 sin(n) ! sin(fy) 2 sin(Oy) 3 4<j<ZN_2 sin(fy) "’ N=

Expanding in terms of A;,1 < j < N — 1, we obtain
prA01,00 + 03,04, ... ,0N) 1



1 ) 1. 1. 1.
— 5 Z sm(gpk — @j))\j)\k + 5 Sln(@g — @1))\1)\3 + 5 5111(02))\1)\2 + 5 Sln(93)>\2>\3
1<j<k<N—1
Jk¢{1,2,3}
sin(«92) sin(93) 2 1 . 1 .
+ N+ = sin(pr — w1)MAe + o sin(pr — ©3) A3k
2sin(fy + 03) 279 4<k;\f—1 2 4<I~ZJ:V—1

1
t3 > sin(pr — @2) oAk
4<k<N-1

It follows that

in(fy) sin(63) 1 .
T A0y 0y + 03,04, ... On ) = S2(02)510(05) 5 | L 3 — 0N
2 ( 1, 2+ 3, V4, ) N)/J’ 2Si1’1(02+63) 2+2 ' SIH(QD]C 90]) Nk
1<j<k<N-1
_ sin(62)sin(63) |,

= A2+ ATA0:,0s,...,08)A.
2sin(fy + 03) 2t (61,62 N)
This gives (3.4). By the induction hypothesis, the second term on the right-hand side of (3.4
corresponds to a quadratic form of signature (1, N —4). It follows that the corresponding quadratic
form on the left-hand side of (3.4]) has signature (1, N — 3). This completes the proof. O

Remark 3.3. Geometrically, corresponds to cutting a triangle from a convexr (N — 1)-gon
to form a convexr N-gon. For non-convex polygons, it is not always possible to find k such that
O + Ok1 € (—m,0) U (0,7); see e.g., the third polygon in Figure @ Furthermore, the signature of
the first term on the right-hand side of can be £1. Starting from 3-gons, instead of using
the cutting procedure one can use additionally the gluing procedure to form non-convexr N-gons; see
e.g., the third and forth polygons in Figure[3. This then implies that for general simple N -gons with
N > 4, the signature of the corresponding quadratic form @ can be (N —2—s,s) with(0 < s < N—3.

We next discuss whether under the positivity condition ) € (0,7) for 1 <k < N, Q is strictly
positive in A. Let ut := {x € RN-2. B(xz,u) =0} for ¢ € RN-2 and

cj = Ailej, 1<j<N-2, en_1:=A"tv, en:=A"1w. (3.5)
Then we have A\, = B(cg, A) for 1 < k < N. The following is a preparationary lemma.

Lemma 3.4. Assume that 0y € (0,7) for 1 <k < N. Then the N hyperplanes ci for 1 <k <N
are distinct, except if N =3 or N =4 with 0y, + 0xr1 = 7 for some 1 < k < 4.

Remark 3.5. The exceptional case N = 3 in Lemma corresponds to triangles whose enumer-
ation gives Jacobi theta functions [I14]. The exceptional case N = 4 corresponds to parallelograms
and trapezoids. The enumeration of parallelograms gives the Zagier series [0, 13| [16], while that of
trapezoids and other convex 4-gons yield the Appell-Lerch sums studied by Kronecker that describe
sections of rank two vector bundles on the elliptic curve as shown in [10} 111, 12| 13].

In what follows we only focus on the cases N > 5. We next study the intersection of {AcRN-2;
Q(A) =0} with A. For I C {1,2,...,N}, let

Dy :={AeRV2:QA) =0}, Dy:={AeR"Z:Q(\) >0}, (3.6)
V=1 eRY 20 =0} = {XeRYV?:\j=0forje T}, Fr=VinA
Jjel

We have the following result regarding the structure of isotropic vectors in the closure A.
10



Proposition 3.6. Assume (2.7) and N > 5. Then

DynA= ) DynF. (3.7)
1C{1,2,...,N}
[|=N—2
Furthermore, on the right-hand side we have Do N Fy # {0} if and only if I = {1,2,...,N}\{a,b}
with b # a £ 1 such that sin(pp — @a) = 0. In particular, assume that sin(py — ¢;) # 0 for any
1 <j,k < N. Then Q is positive on A\ {0}.

Proof. From Lemma by diagonalizing the matrix A (which does not change Q = 0 and maps
hyperplanes to hyperplanes), the intersection of Dy with a cone over a polytope is a set of lines
through the origin. Then the intersection of A with the set of isotropic vectors Dy is

DyNA = U Do N Fy.
Ig{17277N}

Hence we only need to consider Dy N Fr with |I| = N — 3 to prove (3.7]). By using Lemmas and
3.4 we can assume that [IN{1,2,...,N—2}|=N—4and IN{N —1,N}| =1
Let 1 <a<b< N —2such that {a,b} Ul ={1,2,..., N —2}. Then, for A € FT,
Ol (M) = _sin(pq) sin(n + ¢a) sin(ps) sin(Oy + @p) o _ sin(ya) sin(On + )
£ 2sin(0y) 2sin(0y) b sin(0n)
Using (2.5) and |[I N{N — 1, N}| =1, one has

22— AaNp.

1 . 1. 1.
Qlr,(A) = B sin(n)AN_1AN + 5 sin(¢p — Ya) Aoy = 5 sin(¢p — Ya)AaAb-

Thus, for A € Do N Fr, we have XA € Do N (Frygqy U Frugey) or sin(py — a) = 0. For the second case,
recall that by one has 0 < ¢, < pp < 27, so sin(pp — pg) = 0 implies ¢, = @, + 7. Using the
expressions for v, w in , this further gives that the vanishing of one of Ay_1, Ay implies the
vanishing of the other (and A\, = \p). Hence we have A € Do N Fryqn_1 n} and in general

DoNEr C U Fr N Dyg.

Ig{19277N}
[[|=N-2

Take any I with I = N —2,say [ ={1,2,..., N} \ {a,b} with a < b. If b = a + 1, enumerated
cyclically, then, by Lemma one can take \j,j € I as independent parameters for the signed
area. From , Ar = 0 for all k£ and thus F; = {0}. Otherwise, one can take Ag, Ag41, .-, Aat-N—3,
again enumerated cyclically, as independent parameters. Using one has

1 .
Q|F1 ()‘) =3 Sln(@b - Soa))\aAb'

2
For Ay = 0 or Ay = 0 we have A € Fyqq) U Frugy = {0}. Hence we only need to consider Az Ay # 0,
which implies that Dy N Fy # {0} if and only if sin(¢y — ¢4) = 0. This finishes the proof. O

Remark 3.7. Figure@ illustrates the structure of the isotropic vectors contained in A. In the proof
of Proposition we show that Dy N Fr # {0}, |I| = N — 3 requires Dy N F; = Dy N Fy for some
|J| = N — 2. Geometrically, the condition in Propositionfor the existence of non-zero isotropic
vectors means that the convex polygons have parallel sides, and the vanishing of Q) occurs exactly if
the parallel sides coincide.

Definition 3.8. We call a face Dy N FT an isotropic ray if it is one-dimensional. By Proposition
this holds if I = {1,2,...,N}\ {a,b} with b # a £ 1 and sin(¢p — ¢4) = 0. There are at most
(N—Q) — N — 4 isotropic rays.

11



1
=

N

FIGURE 3. The shaded region is the cross section for A, the quadric is the cross
section for Dy. The first case arises from consideration of counting functions of
convex polytopes which involve no isotropic vectors, the second one from that of
convex polytopes which involve finitely many isotropic vectors, the final one from
that of concave polytopes which can involve infinitely many isotropic vectors.

By a change of labelings if needed, we can assume such an isotropic ray is given by DoNFr, I =
{1,2,--- N} \ {¢, N — 1} for some 1 < ¢ < N — 3. We also denote

Eri={cj:je{l,2,...,N = 2}\{{}}, E¢:=spang{c;j : j € {1,2,...,N = 2}\{{}} = span(&).

According to , , and , there exists an isotropic ray if for some 1 < /¢ < N — 3,
B(w,cp) = Blen,eg) = wp =0

note that wy_s # 0 by the positivity condition (2.7)). It is possible that dim(Fy) := dim({F,)) <

dim(Vy) for J C {1,..., N}, for example, if J = {j}, where V{;; fails to be a supporting hyperplane

of A; see the middle graph of Figure We next discuss this subtlety, which leads to another
characterization of isotropic rays that is useful in studying modularity of counting functions.

Lemma 3.9. Forany J C {1,...,N} with |J| < N—2, let J, be a mazimal subset (under inclusion)
among those K C {1,..., N} satisfying J C K and Fy = Fx. Then we have

Fj is an isotropic ray < there exists Jo C Ji, such that Fj, = F},
& {ANj}jes. are linearly dependent <  dim(Vy, ) =N —1—|J,|.

Remark 3.10. By the geometry of the polyhedron A, the existence of Jo C J with Fy = Fy,
implies \j € (A, 1 k € Jo) forj € J\Jy. By Lemma V7, and thus Fj, must be an isotropic ray.
Howewver, the converse is not true. For example, it is possible that |J| = 1 with Fj an isotropic ray

and thus a desired Jy does not exist; see the middle graph of Figure[3 for illustration.

3.3. Convergence of counting functions. The structure of isotropic rays exhibited in Propo-
sition allows to prove convergence of ©¢ , using the ideas in [I7]. The key is to find a slicing
summation range supp(x) N (Z¥"2 4+ a) € AN (ZV~2 + a) ensuring convergence. It suffices to
consider one of the two connected components of Dy N A\ {0}, say, the one with A\;, > 0. The
following lemma on the normal vectors introduced in is useful in finding a slicing of RV =2,

Lemma 3.11. Assume the positivity condition (2.7) and N > 5. Suppose that Dy N Fy is one-
dimensional with I = {1,2,..., N} \ {{,N — 1} for some 1 <{ < N — 3. Fiz a generator f = frep
of this isotropic ray wit}ﬂ fe>0.

(1) For each cx,1 <k < N, one has Q(cg) < 0.

(2) One has f+ = E; and f € E,.

Ior definiteness, we can take f; > 0 to be 1.
12



(3) Choose any subset £, of & with N — 4 elements such that vectors in £, U {f} are linearly
independent. Define E, := (£, ). Then one has the orthogonal decomposition E; = Rf @ E,
with Q|E[ < 0. In particular, one has Q(cj) <0 for any c; € £, .

Proof. (1) Intersecting with Figy \ U Fijy, we get AN Fpy \ Ujzx Fijy € D+. Thus, for
any 1 < k < N, there exists A € D, such that B(cg,A) = 0. Suppose that cj, satisfies Q(cg) > 0
and choose a vector A as above. By Lemma we have B(ck, A) > 0 if ¢ and A lie in the same
component of {@ € RV2: Q(a) > 0} and B(cg,A) < 0 otherwise. Either case contradicts the
condition that B(cg, A) = 0.

(2) By Proposition B(cj, f) = 0 for ¢j € &. For dimension reasons f = Ey. Since Q(f) =0,
one has f € f+ = E,.

(3) Since Acj = ej for 1 < j < N —2 from (3.5), dim(E;) = N — 3. By (2), such a choice for
&, is possible. Any isotropic vector u € E, C F+ gives an isotropic vector space (f,u). Since Q
has signature (1, N — 3), the space is at most one-dimensional and thus w = 0. Therefore Q)| B is

negative definite by (1). In particular, this gives that Q(¢;) < 0 for ¢j € £, . O
We have the following basic estimates basing on the particular expression of Q.

Lemma 3.12. With the assumptions and notation as in Lemma the following hold:

(1) We havev; >0 (1<j<{), w; <0 (1<j<t), w=0,andw; >0 ¢ <j<N-2).

(2) For any vy € R, there exists § > 0, such that for any X € AN (ZN2 + )\ (Z + as)ee and any
p € (Z+v)ee\ {0} that satisfy A, pr >0 for 1 <k < N, we have B(X, p) > 9.

Proof. (1) By Proposition we have sin(¢n—1 — ¢¢) = 0 and thus by ON_1 — py = T,
0<pp<m<pn_1 <y =2r. Explicit computations, using , give the desired claim.

(2) In the component of the region A\ {0} C {XA € RV=2: Q(A) > 0} that contains f = frey,
namely the one with Ay > 0 for 1 < k < N, we have

B(\, p) =sin(0y) | pewy Zvj)\j + pevy Z wiAj | =sin(ln) - pe - ve - Z wjA;.
j<t (<j<N-2 (<j<N—2

Since pg > 0, we obtain B(A, p) > 0 with equality only if \; = 0 for £ < j < N — 2. In the case
Aj=0for £ <j <N —2,recalling A\, > 0 for 1 <k < N, we have in particular

AN = Z wj)\j + weAp + Z wj)\j = Z wj)\j > 0.
1<j<t (H1<j<N-2 1<j<t

With (1) this gives A\; =0 (1 < j </£—1) and thus A € Rf. We can thus assume that at least one
of A\j (¢ <j < N —2)is non-zero. Letting r := min{J;(Z + ;) \ {0}, we have min{A; # 0: £ <
j <N —2}> k. Since 0 < py € Z + ~ implies that min(p;) > 0, we obtain

B(\, p) > sin(Oy) - min(py) - vy - mi?wj “Kk=:0>0. O
3>

Using Lemmas and we now give a slicing of AN (ZV~2 + a). We let B.(f) := {a €
RN=2: |la — f|| < e} and set RX := {ta:t € R,a € X}.

Lemma 3.13. Assume the conditions and notation as in Lemmal3.11. Assume furthermore (2.15)).
Then there exist €,6 > 0 sufficiently small and a vector m with Q(n) # 0, such that any X €
R(B.(f) N A) N (ZN2 + ) lying in the same component as f admits a unique decomposition
A=p+peclial, CRfant. (3.8)
13



Here L1, Ly are sets of certain affine transformations of Z, ZN =3, respectively. Moreover

B(p,pu) =6, Qp) >0 for X¢ (Z+ ar)e,U{0}. (3.9)
Proof. Let  := acy — f with a > 0 sufficiently small such that
Q(n) = a*Q(ce) —aB(f,ce) #0
and (recalling that v, > 0,w; > 0 for £ < j < N — 2 as shown in Lemma
avj + frsin(On)viw; > 0 for t <j <N -2 (3.10)
From we also have
B(f,n) =aB(f,ce) = afe > 0. (3.11)

Take any E, provided in Lemma (3). Since ey, ..., cn—z2 are linearly independent we have
ce ¢ By =Rf @ E,, and thus

V=Rf&E, ®Rc, = Rf & E; @ Ru.

FIGURE 4. Slicing RV~2 using p and n*.

By the condition Q(n) # 0, the map = ~ B(x,n) is non-degenerate and thus n* has dimension
N — 3. Since B(f,n) # 0, we have Rf Nn* = {0} and therefore a vector space decomposition

V=Rfon (3.12)

In particular, any A € V admits a unique decomposition A = p+p with p € Rf, u € n* as desired
in (3.8). Concretely, the component g is given by (see Figure {4 for an illustration)

B(A,m)
— I (3.13)
B(f.m)
We next show that there exists e > 0 sufficiently small, such that for any XA € R(B.(f) N A) N
(ZN=2 4 ) that lies in the same component as f, the resulting decomposition ([3.8)) satisfies (3.9).
First, from (3.13)), the set of the components p and p arising from A € AN (ZV~2 + «) is given by
affine transformations L1, Ly of the lattices Z, ZN 3, respectively. To be more precise, we have

L, = e — a”tsin(0y) fovy Z widj | e AeAN (ZN_2 + a) , (3.14)
(+1<j<N—2

Lo

N-2
Z )\jej + a! Sin(@N)fﬂ)g Z wj)\j ep:AE AN (ZNiZ + a)
=1 (H1<j<N-2
J#L
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Under assumption which implies by our choice of {ex}1<k<n, a can be chosen suitably
such that indeed L;, Ly are certain affine transformations of the lattices Z,Z~ 3. Furthermore,
from B(f,n) >0 in and the continuity of B, there exists € > 0 sufficiently small, such that
B(X\,n) > 0 for any A € RB.(f). From B(p,n) = B(A,n) > 0, it follows that p lies in the same
component as f. Applying the reasoning of Lemma (2) to p € Ly, there exists § > 0 such that
B(\, p) > 4 for those non-zero A subject to the extra condition XA ¢ (Z + ay)eg. Thus we have

B(p,p) = B(p,A—p)=B(X,p) >0,

for A € R(B:(f) N A) N (ZVN~2 + ) satisfying A ¢ (Z + ay)ep U {0}. B
Finally we show that Q(w) > 0 for the resulting component p. Since A € A we have B(cg, A) > 0
for 1 <k < N. Recalling that B(c;j, f) =0 for ¢; € &, we thus have

B(cj,p) = B(cj,p+ p) = B(cj,A) >0 forc; € &. (3.15)

By inserting the definitions of g and m, we obtain that our choice of 1 ensures that (note that
B(p,m) = 0 by construction)

B(p,co) =a 'B(u, f) =a*BA—p,f) =a B\, ) >0 (3.16)

for A € R(B-(f) N A) N (ZV~2 + @) and the inequality is strict if A ¢ Rf = Rey by Lemma
(2). Furthermore, using (3.5)), (2.6), (3.10), and Lemma we obtain

aB(f.co)B(pen—1) =a Y whi+ > (v + fesin(On)vfw;) A; >0,
1<j<t—1 (+1<j<N—2

where again the inequality is strict if A ¢ Rf = Reg. Note that B(f,cg) > 0 by (3.11). With
and this shows that p € A C {z € R¥=2: Q(z) > 0} and thus Q(u) > 0. If XA € Rf, then
p = 0 according to the direct sum structure in . If A ¢ Rf, then Q(p) > 0 since otherwise
one has Q(p) = 0 and by Proposition one has p € Rf and thus A € Rf by , contradicting
A ¢ Rf. This gives that Q(p) > 0if X ¢ (Z + ay)ep U {0} as desired, completing the proof. O

By the discussions about rationality in Remark it follows that under a different choice of
independent parameters the results in Lemma [3.11] and and the lattice structure for L, Ly in
still hold, with the domain for A in Lemma[3.12](2) changed to an affine transformation of the
sub-lattice mentioned there. Choosing one a for each isotropic ray, we obtain that a decomposition
in Lemma [3.13] exists for each isotropic ray. We use this fact in what follows without explicitly
mentioning. We next prove the convergence for O¢ .

Theorem 3.14. Assume (2.7), N > 5, and (2.15)). Then O¢q , converges compactly, i.e., uniformly

on compact sets.

Proof. We only need to consider one of the two connected components for the summation range,
say, the one with A\ > 0. By Corollary Q(X\) > 0 for A € A which contains the summation
range in ([3.1). Consider first the case Dg N A = {0}. Let S := {A € RV72: ||A|| = 1} be the unit
sphere. Then Q(A) > 0 for A € AN S and thus attains its minimum m > 0. Compact convergence
follows since for any A € A\ {0}, one has

Q) = IA2Q <H§:I|> R N e

Next assume that Do (A\{0}) # 0. By Proposition only finitely many rays are contained in

Don(A\{0}) which are given by DoN (E7\{0}), |I| = N — 2. By a relabeling of vertices if needed,
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any such ray Rf can be described as Ay =0, k € {1,2,..., N} \ {{,N — 1}, with 1 </ < N — 3.
We take A1, ..., Any_2 as independent parameters for A as before. Applying Lemma we have

Z ‘ Q) 2miB(BA ‘ Z ‘qQ(u

AER(B: (F/)NA)N(ZN 2+ ) pELy pEL,

We only need to consider XA # 0. By Lemma pe > 0as Ay > 0 and B(u,p) > 6 > 0 since
A ¢ Rf (note Rf N A = {0}). Writing L; in as (a2N + a1)ey for some a1 € R,ay € RT, the
inner sum is bounded by the geometric series Y.~ e~2m20kv and thus converges compactly. The
outer sum is absolutely convergent since Q(u) > 0. We use the splitting

A= U £)nAa)) A\U A))

and intersect it with ZV~2 + a. For the summation over the former we apply the reasoning men-
tioned above to each isotropic ray R f, for the summation over the latter we apply the compactness
argument in the case Do N A = {0}. This proves the theorem. O

27rzB (p,p)T

We also consider the following closely related series
Z qQ()\) 2miB(A,B) _ =g Qa )q27riB(a,ﬁ) qQ(n)GQWiB(n,z). (317)
AER(Be(£)NA)N(ZN—2+a) AER (B (£)NA)N(ZN~2+0x)

Before proceeding we study Rf N (Z™ =2+ a) more closely. To investigate integrality we can not
directly apply the cyclic symmetry anymore, since under a cyclic permutation the range ZV =2 + o
changes in terms of a new set of consecutive N — 2 parameters; see Remark We always work
with a fixed set of independent parameters {\;}1<kx<ny. We require the following.

Lemma 3.15. Assume notation and assumptions as in Theorem|3.14. Then RfN(ZN"2 +a) # 0
if and only if o € Rf. In this case Rf N (ZN72 4+ ) is a translated rank-one sublattice of 7N =2

Proof. By Proposition an isotropic ray Rf is given by A\, =0, k € {1,..., N} \ {a, b}, for some
a <bwith b# a+ 1. In order forﬂ Rf N(ZN=2 + a) # (), a first condition on oy, (1 <k < N) is

oy € Z, kEe{l,...,N}\{a,b}. (3.18)

Here we recall that a solution {ej}1<p<n to (2.17)) is fixed from the beginning in the definition of
the counting function, as discussed in Subsection If b€ {N — 1, N}, then we obtain that

RFN(ZN?+a) =Rea N (Z"? + ) = (Z+ au)eq€a,

and (3.18) becomes
ay € Z, kEe{l,...,N —2}\{a}, {

SN 2YSqae7 ifb=N

Jj=1 en_1

Zj.V:f“g;J aj e 1fb:N—1.

If 1 <a<b< N —2, then the set Rf N (ZV~2 + ) consists of vectors in ZVN~2 + « satisfying

v = Ag€q + Mp€p, (ZL)}CL vb) (§b> 0.

2Recall that here ZV 2 4+ a means S(ZV 2 + a) with S given in Lemmam
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The requirement (2.17)) implies that v, = 0, vy, = 0, V,Eq = Vpep, OF VaEq = —Upep. By basic Linear
Algebra, Rf N (Z"~% + «) is non-empty if and only if ap € Z, ag € Z, ag + o € Z, g — apy € Z.
The condition (3.18)) then becomes

N—2 N—2
. -
ar €Z, ke{l,...,N —2}\{a,b}, Z;};jlajEZ, Zug—NJOgEZ.
j=1 "N~ j=1

In any of the above cases, the set Rf N(Z"~2 4 ) consists of an affine transformation of a rank-one
sub-lattice of ZN~2 that contains o itself. d

We have the following meromorphicity result.

Corollary 3.16. Under the notation and assumptions as in Theorem[3.1], the series

Z qQ(n) 627riB(n,z)
AER(B:(£)NA)N(ZN~2+a)

is holomorphic everywhere, except along Py = {z : o € Rf, B(f,3) = 0}, where it is meromorphic
with a simple pole.

Proof. The series in (3.17)) equals
Z GOV 2miBBA) Z qON)2miBBA)
AER(B: (£f)NA)N(ZN 2 +av) AERFNAN(ZN ~2+0)

The first summand converges compactly by Theorem If Rf N AN (ZN~2 4 a) is non-empty,

then, by Lemma [3.15] it is a translated rank-one lattice and @ € Rf. As before we parametrize

the isotropic ray Ry f N AN (ZV2 + &) by (asN + a1)f for some a; € R,as € RT. Then the

second summand equals ) - e?miB(f.B)(naz+a1) This series is conditionally convergent for those 3
e2mial B(f,B)

satisfying B(f,3) # 0 and the result is T iy B(re - L he same analysis applies to the other half

of the isotropic ray Rf. Thus the original series is meromorphic with a simple pole at z = at + 3
if there exists an isotropic ray Rf such that @ € Rf, B(f,3) = 0. This finishes the proof. O

The function © , has the following elliptic properties.
Corollary 3.17. Let the notation and assumptions be the same as in Theorem[3.1). Then
Og(z+ar+b;7) = q*Q(“)e*%iB(a’z)@Q’X(z; T), a,bezN2

3.4. Faces of A and degenerations of polygons. By Lemma one has Ay = 0 on the face Fi
for any k € K, , where K, is the maximal set containing K such that Fx = F, with dim(Vg,) =
dim(Fk,). Each face F can then uniquely be represented by an index set K, C {1,...,N}.
Denote by F(A) the collection of faces of A, and by Fo(A) the set of faces which are isotropic rays.

Abusing notation we also use the notation K, € F(A) if Fg, € F(A).

Lemma 3.18. For K. € F(A)\ Fo(4), Qlv,, is non-degenerate of signature (1, N — 3 — |K,|).

Proof. Assume that Qv is degenerate, i.e., there exists h € Vi, such that Vi, C h*, and
in particular h € Dy. Since (V,Q) has signature (1, N — 3), its largest degenerate subspaces
are one-dimensional (see beginning of the proof of Proposition , and thus Vg, N Dy = Rh. If
dim(Vk, NA) > 1, then, by working with a cross section of A, Vi, N Dy can not be a line. Therefore
dim(Vk, NA) <0. If dim(Vx, N A) = 0, then Vi, is an one-dimensional face contained in A since
Vi, is a supporting subspace of A by the maximality of K. In particular, Q|vy, is positive definite.
This contradicts the degeneracy of Q|y,. . Therefore Vi, NA = () and Fr, = Vi, NA = Vg, NDy =

Rh is an isotropic ray. This contradicts the assumption that Fx, € F(A) \ Fo(A). Thus Qlv,.
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is non-degenerate. Since @ has signature (1, N —3) and 0 # Fx, N D, C Vg, N Dy, Qly,, has

signature (1,dim(Vg,) — 1), with dim(Vk,) = N — 2 — |K,| by Lemma O

Restricting to Vigy 1= {X € RVN=2: )\, = 0} preserves the integral lattice structure of the domain
and the integral lattice structure for isotropic rays in Lemma Regarding the above series as a
sub-series of the original one, Proposition [3.6] Theorem [3.14] Lemma [3.15] and Corollary [3.16] follow
automatically. These results can be alternatively obtained by using the geometric interpretation for
Q|F,, whose extension gives Qv . By iteration, it suffices to consider points in A that lie on the
hyperplane Vigy. If 0 + 011 = 7, then Vi N A is an isotropic ray representing those degenerated
polygons which become lines. If 0 + 61 > m, then, by using A\;, j € {1,..., N} \ {k,k + 1}, as
independent parameters and computing A; from , we obtain Vi3 N A ={0}. O +0p1 <,
then such points represent degenerations of the original convex N-gon which are still convex, as
discussed in Lemma With the new angles, the signature of the resulting signed area follows

from Lemma The corresponding condition (2.15)) holds and solutions to (2.16) or to (2.17))

descend automatically.
Consider the restrictions of the counting function on the faces. Denote by dx (z) the characteristic
function of the set X. Define, for 2 ¢ J; Py

0,55 (2 7) = g~ @(e) g—2miB(en) Z 5E(A)QQ(>\)62M‘B(>\@ — Z dx(n+ a)g®m 2riBnz)
AEZN 24 neZN -2

Let )\\VK* be the restriction of A to Vi,. Then the restriction of the above sum to the face

Fyg, = AN Vg, gives that @Q,(;ZWK* equals

g U@ 2miB@B)  § 5 () Q. (Avic, ) 2miBlvic, (Mvic, Blvic, ) 2miB (Mvic, B=Blvie, )
AEZN =24
Consider, for example, K, = {k}, for some 1 < k < N —2 with 6+ 01 < 7. The non-vanishing of
dFy, (A) in the above sum requires ay € Z. Further assume that 3 satisfies B(A|v,, ,8—08|vy,) =0,

which can be achieved, for instance, by requiring 8, = 0 which in return implies 8 = B|v;., . Then
the above series is exactly the corresponding generating function of the degenerated polygons with

angles {01, ...,0k_1,0k + 011,012, ...,0n} and signed area given in (3.4) in Lemma

4. TOOLS FOR INDEFINITE THETA FUNCTIONS

4.1. Generalized error functions. We follow the setup in [9], except that we flip the signature
of the quadratic form @ (from (r,s) to (s,r)) and that the relation between @) and B differs by
a factor of 2. Let B be a symmetric, indefinite bilinear form of signature (r,s) on R™ such that
the associated quadratic form Q(x) = %B(m,m) is integral on Z™. The bilinear form maps as
B(x,y) = ' Ay with a symmetric, indefinite matrix A € R"*". For C = (cy,...,cs) € R™**
spanning a negative definite s-dimensional subspace (C) := (eq,...,¢s) and * € C™, we define the
generalized error function

Boc(e) = [ sn(B(C.y + @) Wdy (4.1)
(C)

(introduced in [I]) with B(C,y) := CT Ay, sgn(x) := [I;—; sen(z;), and with the measure dy

normalized such that || () e2™@Wdy = 1. Note that Eg.c only depends on the projection of = to

(C). We write Eg g(x) := 1 where ) is the 0 x 0 matrix. For any matrix C' = (c1,...,¢s), let Cg :=

(Chy»Chys - - - ,ck|S|) be the matrix consisting of the columns indexed by S = {ki,ka,... kg } C

{1,...,s} (with &y < kg < --- < kig)) and Cy := ) the 0 x 0 matrix. For § C {1,...,s}, we

define the orthogonal decomposition of & € R" and ¢; € R" into (Cs) @ (Cs)* with respect to B as
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T =: ws—i-wg: and ¢ =: ¢j,s+cj1s. Furthermore for S = {k1, k2,... kg } and T C {1,..., s} (with
ki < ky < - < k), we let Cs17 = (Cky LT, ChpLT>-- "CklleT)' For the following definition,
assume that (C) is negative definite of dimension s and let D = (dy,...,ds) € R™"*® such that the
its columns form a dual basis to C' for the quadratic space ((C), Q|(c)). Define for & € R™"* with
[T;=1 B(Dj, ) # 0 the complementary generalized error function as (this expression of Mg c in [9,
Proposition (3.14)(e)] has a typo in the power of the determinant)

Mocla) = (1) aw(cmac) [
clx) = | — et / - w.
’ " ()-ize 1Ij=1 B(Dj,w)

Taking the vectors in C' as the basis for (C), any y € (C) can be uniquely written as y =
> 1<j<s ticj- Thus, one obtains

i\* 6271'@( y)+2miB(xz,y)
Mg.c(x) = () / dt;,
ac(@) m (CY—ixzc H] 1t H 7

which is defined if zc = > 7_; bje; with b; # 0 for 1 < j <'s.

4.2. Vignéras differential equation. In [15], Vignéras showed that modularity of indefinite theta
functions can be obtained by checking a differential equationﬂ
Theorem 4.1 (Vignéras). Suppose that p : R™ — R satisfies the following conditions:

(i) For a differential operator D of order 2 and a polynomial R of degree at most 2, w
p(w)e ™) and w — R(w)p(w)e ") belong to L? (R™) N L' (R™).

(ii) Write the Euler and Laplace operator (x := (x1,...,2,)", 8z 1= (8%1 e OT) & .= zTa,
and A g1 := 8L A=18,. For some \ € Z the Vignéras differential equation holds:

1
<5 — AA_1> D= Ap.
27

Oqp(z;7) == Z p(m+ v) Q(m) 2miB(m,z)

mezZ"

If furthermore

is absolutely locally convergent, then it transforms as a Jacobi form of weight A + 5 and index A:
(1) For m,€ € Z" we have

Oqp(z+mr+4;7) = q_Q(m)e_QﬂiB(m’z)GQ,p(z; 7).

(2) For (%) in a suitable finite index subgroup of SLa(Z) we have

z aT + b . ALD 2miQ(2)
@ d +2 cT+d @ . .

Q.p <C’T 4 d cr + d) ( Z(CT + )) € Q,p(sz)
We use the following properties of generalized error functions that were shown in [9].

Lemma 4.2.

(1) If all occurring Mg cgy are defined, then we have

Ege@)= Y Moes(@)sen (B(Cp, spsisi)),  [Mgo(@)| < sle?™@e),
SC{1,...,s}

3t is this differential equation that is essential for the modularity.
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(2) We have

Jlim Eq c(tz) = > EQes(0)dscgm—osgn (B (Cpi,.mpsT)) -
Sg{lv“'vs}

In particular, if all components of B(C,x) are non-zero, then
tlim Egc(tx) =sgn(B(C,x)).
— 00

If C = (Cy, Cy) with CTACy = 0, then we can factor
Eqc(x) = Eq.c,(®)Eq,c, ().

(3) The generalized error function Eqgc is a C®-functions and satisfies Vignéras’s differential
equation with respect to @ for A = 0. Moreover, Mg ¢ is a C°-function, where it is defined.

4.3. Generalized error functions for deformed quadratic forms. For a set of vectors C =
(c1,...,¢k), we define the cone given by their normal hyperplanes as

R(C):={x e R"* : B(cj,x) >0 for 1 <j<kor B(cj,@) <0for1<j<k}.

Hereafter we assume that the normal vectors in C' are rational. We list some elementary prop-
erties about quadratic spaces easily obtained by diagonalization, generalizing Lemma [3.11

Lemma 4.3. Let (V,Q) be a quadratic space of signature (r4,r_,rg). Then the following hold:

(1) Assume that ro = 0. Then the signature (si,s—,so) of any subspace satisfies s; + so < 14,
s— 4 so < r_. In particular, any isotropic subspace has dimension at most min{r,,r_}.

(2) Assume that r4 = 0. The set of isotropic vectors in V forms a vector space of dimension 1
and is given by VNV,

(3) Assume that the signature of (V,Q) is (1,s,0). For any non-zero vector ¢ € V, let ¢ be the
orthogonal complement of Re. If Q(c) > 0, then ¢ N (D4 U Dy) = {0}. If Q(c) = 0, then
ct N (DyUDy) =ctNDy=Re. If Q(c) <0, then ¢t N Dy # {0}.

Results on modularity of indefinite theta functions are established for the following special sim-
plicial cones, and then generalized to more general polyhedron cones.

Assumption 4.4. Let (V,Q) have signature (1,s) with s > 1. Let C' be a collection of non-zero
vectors. Assume the following conditions:

(1) The cone R(C) C Dy U Dy has dimension s+ 1.

(2) The cone R(C) is simplicial, i.e., its cross section is a simplex of dimension s.

(3) The cone R(C) N Dq consists of at most one isotropic ray.

We have the following result regarding the signature of (Cr) for T' C C.

Lemma 4.5. Suppose Assumption (1) holds. For T C C, exactly one of the following holds:

(1) We have (Cr) =V.

(2) The space (Cr) is negative definite.

(3) The space (Cr) has signature (0,dim((Cr)) — 1,1). This is equivalent to (Cr) N Dy # {0} for
(Cr) # V.

Assume furthermore C' = (€1, -+ ,¢s,c0). Then in (3), under the additional Assumption (2),

one has dim((Cr)) > 2. Under the additional Assumption (2), (3), there is a unique index set

T having the above signature, with dim((Cr)) = s.

Proof. Consider the face (C7)tNR(C) of R(C). Assumption (1) gives that this face is contained

in Dy U Dy. Suppose that (Cp)* N R(C)N Dy # @. Take any non-zero uw € (Cr)* N Dy.

Then u' has signature (0,5,0). Thus (Cr) C ((C7)*)* C ut is negative definite. Suppose that
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(Cr)t N R(C) C Dy. If (Cr)* N R(C) = {0}, then (C7) = V. Otherwise, as in the proof of
Proposition (Cr)*+ N Dy is a finite union of isotropic rays. Since (C7)*NR(C) is a face of R(O)
contained in this union, it follows that the face (C7)* N R(C) is a single isotropic ray R fr, that is,

(Cr)"NR(C) =Rfr. (4.2)

By Lemma[4.3] (1) we obtain that (Cr) is negative semidefinite, since otherwise any positive vector
u € (Cr) would give rise to a rank two quadratic space (f,w) of signature (1,0,1). Lemma [4.3] (2)
then gives that (Cr) N Dy is a vector space satisfying

(Cr)yN Dy ={(Cr)N <CT>L. (4.3)
Combining (4.2)) and (4.3), we have
(Cr)N Dy = (Cr)N (C’T>J' N Dy = (Cr) NRfp. (4.4)
If (Cr) N Dy = {0}, then the negative semidefinite space (Cr) is actually negative definite. Other-
wise, (Cr) N Dy = Rfr. Combining (4.2), (4.3]), and (4.4) we have
Rfr = <CT>J' NR(C) = <CT> NDgy= <CT> N <CT>J'.
The fact fr € (C7)* yields that the signature of (Cr) is (0,dim((Cr)) — 1,1) by Lemma (1).
Conversely, if (Cr) # V and (Cr) N Dy # {0}, then (Cr) can not be negative definite and by
the above discussions has the desired signature.

Consider the case that (Cr) has signature (0,dim((Cr)) — 1,1). First, the simplicial condition
in Assumption (2) gives that

dim (<CT>L) — dim ()L N R(C)). (4.5)
By , , and dimension reasons, we have
(Cr)*t = (Cr)" N R(C) =Rfr.

In particular, dim((Cr)*) = 1, dim({Cr)) = s. Further imposing Assumption 2), the vectors
in C are linearly independent and satisfy cjr ND; # {0}, 0 <j <s. By Lemma (3) we obtain
that Q(cj) < 0. This gives dim((C7)) > 2. Further imposing Assumption (2), (3), there exists
a unique subset T of {1,...,s} U {0} satisfying the above dimensionality condition and . O

Under Assumption (1), (2), (3) and C = (€1, - ,€s, o), we can choose the unique subset in
Lemma (3) to be S ={1,...,s} by possibly relabelling indices.

If (Cr) fails to be negative definite, then we need substitutes for Eg ¢, and Mg c,. For S =
{1,...,s}, let Us := (Cs) N Dy = (Cs) NRfs. Since fg € (Cs)t, Q induces a negative definite
quadratic form on the quotient vector space (Cgs)/Ug. Taking a lift Wg C (Cyg) of it along the
quotient map mg : (Cs) — (Cs)/Ug, one has an orthogonal splitting

(Cs) =Us @& Ws. (4.6)
A choice of E_ in Lemma provides an example for such a splitting. We also take a splitting of
V=(Cs)dRE, &ecV\(Cs). (4.7)
Combining the above, we obtain a vector space decomposition
V={(Cs) PRE=Ug ® Wg ® RE. (4.8)
Consider a new quadratic form @ on V', with ||fs|| = 1 and ¢ > 0 sufficiently small
Qi) = Q) — JlAwgl P (49)

The component Ay is defined by using the decomposition provided in (4.8). By construction of
Qt, Us ® Wy is an orthogonal decomposition of (Cs) and ((Cs), Qt|(cy)) is negative definite.
21



Lemma 4.6. Suppose Assumption holds with C' = (e, -+ ,¢s,c0). ForT C{0,...,s}, Qil(cp)
is negative definite.

Proof. We distinguish two cases. If ((C7),Q|(c,)) is negative definite, then Q(X) < 0 for A €

(Cr)\{0}. Thus by (4.9), Qt|;c,) is negative definite. If ((Cr), Q|(c,)) has signature (0, |T'| -1, 1),
then, by Lemma (Cr) € (Cs). Again Q¢ is negative definite since Q¢(cg) is. O

Applying the same expressions as in the negative definite case, we obtain Eg, ¢, Mg, c, for any
T € {0,...,s}. Then all statements in Lemma hold. In particular, we have
[t]
Mg,.cr(A)] < K &7 QCT), (4.10)

for some constant K that only depends on T, @ and t. Hereafter the superscript [t] represents a
construction with respect to ;.

For use below, we also discuss orthogonal decompositions and projection maps with respect to
@ and Q. Projection maps are defined using splittings, in particular projection maps to isotropic
lines can not be defined directly using the quadratic forms. One can choose & in such that

EeWy, QE€)=0, B(fs)=1 (4.11)
This is possible since I/VSL has signature (1,1) and fg € W§ is isotropic. Then, by construction, the
orthogonal decompositions VVSEBVVSL in @ and @), are the same, only the orthogonal decompositions
inside Wg = (fg, &) are different. For use below, we study the projection to (Cp)*t.

Lemma 4.7. Suppose Assumption holds with C = (¢q,--+ ,¢s,¢0). Assume T C {0,...,s}.
(1) If (Cr) is negative definite, then, for any X € V, one has Acy = )\[élT, Alcy = )‘[i]CT'
(2) If (Cr) is negative semi-definite, then, for any X € V, one has Q(A[gT) =Q(Acy)-
Proof. (1) If Q|(c,y is negative definite, then V = (Cr) @ (Cr)*, U := (Cp) N Dy = {0}. By (.9)
B; (u,)\J_CT) =B (u, AJ_CT) =0 for u € <CT>
From the orthogonality we also have
B; (A[g’T’ )\[i]CT> =0= B ()\CT7 AJ_CT) :
Using A =Acy + Aoy = }\[gT + }\[ECT, the above two relations imply that

By (A[élT — Acy )‘[(t?]:p B )‘CT) =B ()\[g'T —Acr ALCT) — B <)‘[é1T —Acr )\[Jt']CT) =0

Since @Q); is negative definite on (C7r), this proves the desired claims.
(2) By Lemma one has T'= S and Ug C (Cr). By (4.6) one has orthogonal decompositions

(Cr)=Us® ((Cr)NWs), (Cr)"=Us® ((Cr) N Ws)ip,,

where the notation ((Cr) N WS)JWS stands for the orthogonal complement of (C7) N Wy inside the

negative definite space Wg. The orthogonal projections to (C7), (Cr)* are then provided by the
following vector space decomposition induced from (4.8])

V =Us ® ((Cr) N Ws) & ((Cr) N Ws)iy, ® RE.
Concretely, write
A=afs+tv+w+bf €Us® ((Cr)ynWg)d ((Cr)N WS)JWS o RE. (4.12)
Then we have
b 1
Acr =afs+v, Ao, =afstw, )\[gT = <a — t) fs+wv, )\[ECT = w—l—b({ + tfg). (4.13)
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The result follows. O

The projection to (C’T>lm under ); can be made more concrete. Employing Lemma Qi(cj) #
0 for 0 < j <'s. Let (dj)o<j<s be the dual basis of (¢;)o<j<s With respect to Q.

Lemma 4.8. Suppose Assumption holds with C' = (e1,...,¢cs,c0). For any T C {0,...,s}, let
T¢:={0,...,s} \T. The projection /\ECT, defined using Q¢, is the unique vector u satisfying
Bi(u,cj) =0, jeT, Biu,dig)= Bi(\ dg), keT". (4.14)

Proof. First, using Lemma A[Jt—}CT can be defined and satisfies )\[i]CT =A—- )\[gT. We write

(Dpc) = (dg, : k € T¢) and suppose that XA € (Cr) N (Dre). Then A € (Cr)N (C’T>J-M, in particular
Q¢(X) = 0. By Lemma we have that A = 0. For dimension reasons, Cr U Drc forms a basis
of V.and V = (Cr) @ (Dre). Therefore, since B; is non-degenerate there exists a unique vector w

satisfying (4.14]). Since /\[ECT satisfies (4.14]), the desired claim follows. O

5. MODULARITY OF COUNTING FUNCTIONS OF CONVEX PLANAR POLYGONS

In this section, we first establish some basic estimates for functions appearing in indefinite theta
functions of signature (1,s). Then we prove the modularity for them in the case of simplicial
polyhedron cones and non-simplicial ones.

5.1. Indefinite theta functions of signature (1, s). We define the theta function for a quadratic

form @ of signature (1, s) and a cone given by C' = (¢1,--+ ,¢g) as
Y n miB(n,z
OQpe(2iT) == > pe (n+ 5) Q) 2miB(n.z)
nezs+l
where
k k
1+ sgn (B (¢j,x)) 1 —sgn (B (c;,x))
vo (@) =]] o = O] _—

—2F Y (1—(—1)k+|s|)sgn(B(Cs,a:)). (5.1)
SC{1,....k}

We furthermore let

po(@) =27 3 (1= (1)) Bg oy (a). (5.2)
SC{1,...k}

Lemma 5.1. Let C := (c1,...,¢s+1) such that R(C) C D4 U{0} is simplical of dimension s+ 1.
ForT C{1,...,s+ 1}, we have:

(1) The subspace (Cr) is negative definite of dimension |T'|.
(2) We have

po(x) = Z 2_kMchT (w)pCTCLCT (z)
Tg{1775+1}

where pCTCLCT(a:) vanishes unless € € R(Creic,) and \chchT(as)| < 9st+1-IT],
(3) For some £ >0, we have

ﬁo(w)e*ﬂQ(w)

< sl e*ﬁfmej ‘pc(w)e*ﬂQ(w) < e*ﬂEwTa:.

(4) The function pc is a C*°-function and satisfies Vignéras differential equation with A = 0.
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Proof. (1) The claim follows from Lemma
(2) We apply Lemma [4.2] and write 7¢ := {1,...,s+ 1} \ T to obtain

N 1
po(x) = Z WMQCT (m)pCTCLCT ().
TC{1,s4+1}

Noting that B(a,¢,,b) = Blaicy,bicy) = Bla,bic,) we obtain that chCLCT(:c) = PCype
(x1cp) =0 unless @ € R(Crec,) (equivalently, 1 ¢, € R(Cre)).
(3) For @ such that Mg ¢, () is well-defined, by Lemma [4.2] we can bound

Mg CT(w)e_”Q(‘”) < \T!!ezﬂQ(mCT)e_”Q(w) = \T]!e_”Qiﬁ(m) ,
where the quadratic form with its sign flipped on the span of Cr is

Qi(z) = Q(z1icy) — Qlzey) = Q(z) — 2Q(zcy).

Let « € R(Cpeir) \ {0}, which satisfies ¢ ¢, € R(Cre). Since B(cj, 1 c,) =0 for j € T, we
further have ¢ ¢, € R(C) C D4 U{0}. Since @ is negative definite on the span of Cr by (1),

Qi (x) =Q(xz1cy) — Qlzoy) >0,

where the inequality is strict because xc, # 0 or ¢, # 0. Using compactness, we let {7 :=
min({QF(z) : * € R(Cre ) with 2@ = 1}) > 0. Then for € R(Cre,7) \ {0} we have

Qi (z) = 2" 2Q5 ( > > lrxlx.
Writing ¢ := min({7 : T'C {1,...,s+ 1}) > 0 and using part (2), we can bound

~ _ ’T|' _ + ’T|' -~y T -y T
pc(w)e ﬂQ(m)‘ < Z ﬁ‘pCTclcT(w)’e Q7 () < Z ﬁe mlr’ < gle~ ™z ®

TC{1,...,s+1} TC{1,...,s+1}

T

[ A

for @ such that all occurring Mg ¢, (x) are well-defined. Since pc is continuous and we prove the
bound for a dense subset, it holds for all & € R*T!. The bound for p¢c is obtained by considering
only the term for T'= () in the above computation.

(4) Since pc is a linear combination of Eg ¢y, this is a direct consequence of Lemma (3. O

5.2. Modularity of indefinite theta functions of signature (1,s): simplicial case. In this
subsection, we study modularity of O 5. if R(C) is a simplicial polyhedron.

5.2.1. Modularity of indefinite theta functions for simplicial cones.

Theorem 5.2. Let C = (c1,...,¢s41) be a set of normal vectors such that R(C) C Dy U {0} C
R+ is simplical of dimension s+ 1. Then the series ©0.po is absolutely convergent and defines a
meromorphic function in T which has the completion

Cunsir) = Y o ((n+ V) V) g@assns)

nezZst!
This means that ©g 5., transforms as a Jacobi form of weight % and index A, and one can recover
the “holomorphic part” ©q . as (note that we obtain O 5, by setting w =T instead of taking the

limit)

~ 2 .
00 e (z;7) = Z lim pe <<’I’L + 7-_yw> m) qQ(n)627rzB(n,z)

wW——100
neZstl

if Blej,m+%)#0 forall1<j<s+1,neZ".
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Proof. By Lemma (3), ©gpo and Og 5., are bounded by a theta function for a positive definite
quadratic form and thus converge compactly in C**! x H. By Lemma (3), (4), pc satisfies the
conditions of Theorem and thus O 5, transforms as a Jacobi form of weight 5451’ i

The rest of this subsubsection is devoted to proving the following generalization of Theorem

Theorem 5.3. Suppose Assumption holds with C' = (c1,- - ,cs,c0). Then the series Oq p is
compactly convergent and defines a meromorphic function in T with modular completion

OQ . (% 7T) == n§+lﬁ0,t ((n + %) \/%) qR(m g2miB(n.2)

Here pcy is defined as in (5.2)) with quadratic form Q given in (4.9). This means that ©q 3,
transforms as a Jacobi form of weight % and index A and one can recover ©¢ p. as

2 .
Oqpc(z:7) = lim lim Py <(n + yw> m) ¢ 2B (n2),
—

+
t—0 nezZat w——100

We first investigate convergence of © 5. ,. Following the computations in Lemmas @ and @,
we need to prove convergence of

Z 62Wi3(>"3)e2”“@(>‘)e_ﬂQ(\/%)‘)MQt,CT (\/ﬂA) pC

Te L ltlop
AEZs T+

(). (5.3)

In the above, one has PC. 1 oy

and orthogonal projection of the function po

(A) = chc()\[f_]CT), where the bilinear form in the sign function

is B;. We write
reLltlon

() = @A)y, (e (o) g, 0 (). (5.4)

TeLltlon

QA
e~ )MQhCT()\)pCTCMt]CT
_ [t]
According to (4.10) the quantity |e 27rQt()‘CT)M t .y (A)] is bounded from above by a constant.

—mQ(A ) 2mQe(A CT)

on the support of po (A) whose closure

We next estimate the function e
Te L ltlon

is the polyhedron R;(Cre)cy ). For any A € Ri(Cre ¢, ), one has By(c;, )‘[Lt]CT) =0,75 €T, and
By (ersAlg, ) 2 0for ke T or By (ex, AT, ) <0 for ke T (5.5)

Lemma 5.4. Suppose Assumption holds with C = (c1,--+ ,¢s,¢0). Let Q5 (A) := Q(X) —
2Qt()\[gT). For t sufficiently small, QEF is positive on Ry (Cre oy ) \ Rfs.

Proof. Again we work with a cross section of the region. To be explicit, we take n = t~! fg+& which
satisfies Q¢(n) > 0. Then we consider intersection with the hyperplane {\ € R**! : By(n,A) = 1}.
Concretely, in terms of the coordinates for A = afg + v + w + b€ given in (4.12)) one has

1= Bi(n,A) =t (5.6)

We distinguish two cases depending on whether (Cr) is negative definite. If (Cr) is not negative
definite, then, by Lemma we have T'= S. A direct computation, using (4.13)), gives

b\? b?
QFf(A) =ab+t (a - t> —Qv) = v ab +ta® — Q(v). (5.7)
By the construction in (4.6]), W is negative definite and thus Q(v) < 0. Furthermore, by (5.6)), we
have that t~16? — ab + ta® > 0 if ¢ > 0 is sufficiently small. This gives that Q£ (X) > 0.
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If (Cr) is negative definite, then, by Lemmas and we have V = (Cr) @ (Cr)*, (Cr) N
Rfs = {0},Rfs C (Cr)*, and Mg, = )\[gT. Thus we have

Qr A)=Q(A) —2Q: (Acy) = Q(ALer) — Q(Acy) - (5.8)
Furthermore, Lemma gives A cp = A[j]CT and thus
Bt (Ck, A[Lt]CT> = Bt (Ck, )\J_CT) . (59)

Consider the interior Ry (Cre ¢, ) of the polyhedron R(Cre| ;) where the inequalities in (5.5) are

strict. For any A € R{(Cre| ;) in the positive half of the polyhedron, B(c, }‘[Jt_]CT) > 0 for all
ke T By and continuity of ¢t — By, we have that B(ck, A1 cy) > 0 for all k € T°. The same
reasoning applies to the negative half of the polyhedron. Thus for any A € Ry (Cre)c,.), we have
Aoy € R(Cre). It follows that A ¢, € R(C) € D4 U Dy and thus in we have QA cp) > 0.
Since (Cr) is negative semi-definite, one has Q(A¢,.) < 0. Therefore, Q(A o) — Q(Acy) > 0 and
Q(ALcy) — Q(Acy) =0 if and only if A € Rfg. This finishes the proof. O

By continuity it follows that Q; is non-negative on the boundary of the polyhedron R¢(Cre| ¢y ).
We next consider the faces of the polyhedron R¢(Cre| ;).

Lemma 5.5. Suppose Assumptz'on holds with C' = (e1,- -+ ,¢s,¢0). Ift > 0 is sufficiently small,
then there exist constants (depending on t) k,0 > 0 such that in a cross section of Ri(Creicy) \
RB.(f) we have

‘e—wQ(\/ﬂA) Mo, o <\/@\> e

Teltlop

(,\)] < ke~ (5.10)

Proof. For any non-zero vector u € Ri(Cre o, )\RB:(f), consider L := {0 < j < s: By(cy, u[j]CT) =

0}, which satisfies T'C L and
By (ck ul’ ) >0 for ke L° or B (c u!! ) <0 for ke L” (5.11)
Yl oer t\Ck: Y1 or . .

If L ={0,...,s}, then by the non-degeneracy of B; we have u[fCT = 0 and thus v = u[gT. By

(5.7), Q;ﬁ is strictly bounded below if (Cr) is not negative definite. Consider next the case that
(Cr) is negative definite. Using Lemma and (5.8)), we have that
Q;(u) = Q (UJ_CT) - Q (UCT) = _Q (UCT) .
This also has a strictly positive lower bound in a compact region of the cross section by the negative
(t]
definiteness of (Cr). In either case, the inequality follows from (/5.4)), (4.10)), and e TR 2Ty

e~™@7(N) | In the case L C {0,...,s}, we claim that for any w satisfying (5.11), one has u €
R?(CLCJ_CL) \RBE(f) That iS,

B, (ck,u[f_]CL> >0forke L or By (ck,u[fCL) <0 for ke L°. (5.12)

Indeed, by the orthogonal decomposition in Lemma (CTHM = (Dre), <CL>lm = (Dre) and
thus u[j]CT = u[j]CL + v for some v € (Dye\re). Using the fact that Dyg ., is the dual basis of
Cyo,...,s}» we have Bi(ck,v) = 0,k € L°. Therefore,

B (ck, u[j]CT) = B (ck,u[j]CT> + B: (cg,v) = By (ck, u[fCL> for k € L°. (5.13)
Now (5.12) follows from ({5.11). Thus w lies in the interior of Ry(Cre ¢, ) which is a face of

R(Creic,). Consider any vector w lying in the interior Rf(Cre ¢, ) \ RB:(f). From Lemma
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and continuity, there exists a neighborhood N(u) C Ri(Cre ;) \ RB:(f) and d,, > 0 such that
Qr(\) > ‘57" for A € N(u). In particular, using (4.10]), we have for A € N(u)

‘efﬂ‘Q(\/ﬂA)MQt’CL ( /2UA)
For any such A, by [9, Proposition 3.4, equation (51)] and Lemma one has
lim Mo,,c,, (V20A) = (=) sgn (B ((Cpir) e, A) ) Mavor (V20R)

with the limit taken at the locus Bt((CL\T)[fCT, A) = 0. On the other hand, from (5.1) and (5.13]),
we obtain that along the same locus we have, for m € Ny satisfying 0 < m < |L| — |T,

|-
Here m is the number of vanishing components in B;((C L\T)[j]cqn A) in the limit process. This gives
tim ([Mo,c, (V20A) po, ., ]) =271 ([Mauer (VE0A) pe, o V)])
By shrinking the neighborhood N (w) if necessary, according to ([5.14]) we obtain that inside N (u)
B M =R S e

0y o, W] £ BTAEN < et (g

. 1
lim ‘pCTCL[t]CT ()\)’ - om ‘pCLCL[t]CL

FIGURE 5. A cross section of the polyhedron R;(Cre)c, ).

For any point w on the boundary of the cross section of Ri(Creic;) \ RB:(f), one constructs
such a neighborhood N(u). The resulting open sets then cover the boundary of the cross section.
By compactness of the latter, we can find a finite cover within which we have the estimates given
by (5.15). After that, consider the complement (within Ry(Creicy.) \ RB:(f)) of the open finite
cover, which is compact and covers the remaining cross section of R;(Crecic, ) \ RB:(f). For the
compact complement we also have an estimate of the form in according to Lemma see
Figure 5| for an illustration. We then obtain the desired estimate in everywhere in the cross
section of the polyhedron Ri(Creicy) \ RB:(f). O

We are now ready to prove Theorem

Proof of Theorem[5.3 The compact convergence of O, follows as in Theorem Based on
Lemmal5.5] we apply the compactness argument as in the proof of Theorem [5.2) which gives compact
convergence of the series in (5.3) and thus of O¢ 5., ,, summed away from B(f). For the summation

over B.(f), we use , Lemma and Theorem Similarly, pc; satisfies Theorem
(i) according to Lemma (4.10), and Lemma These give the compact convergence and
27




meromorphicity of ¢ 5., ,, and the desired modularity of ©¢ 5. ,. The relation between O¢ ;. and
00,5, follows from their compact convergences.

5.2.2. Indefinite theta functions on faces of simplicial polyhedrons. We next consider the restrictions
of theta functions to faces. Recall from that for any non-empty set .J C C we write Vy = (C;)*,
F; =V;NR(C). If F; is an isotropic ray R f, then by the simplicial condition and dimension reasons
so is V. It follows that (Cy) can not be V nor negative definite by the signature of V. By Lemma
J={1,...,s}. We take the splitting , with & € Dy satisfying . A direct computation
as in Theorem @ and Corollary shows that the corresponding series @Q,évJ pe and @QﬁvJ PC e
are divergent. We have the following result if Fy is not an isotropic ray.

Corollary 5.6. Suppose Assumption holds with C = (c1,--- ,¢s,c0). Assume Fj is not an
isotropic ray. The series @Q,ngchC and @Q’(SVJPC define meromorphic functions in (zv,,T) whose
dim(Fy)+1
.

modular completions have weight

Proof. We only show the claim for @Q,évach , the claim for @Q,(gv(] pe follows analogously. Applying
Lemma [3.18] to the polyhedron R(C), Q|v, has signature (1,dim(F;) — 1) if F is not an isotropic
ray. Take the splitting of the quadratic space V, V= V; @& Z;. Note that Z; should not be
confused with (C;) which may not give such a splitting (see (4.8))). We write A = p + Az,. The
non-vanishing of dy, (A) requires that the orthogonal decomposition satisfies Az, = 0. Since the
face V; is cut out by hyperplanes with integral normal vectors, the quadratic space V; inherits the
integral structure from V. Then Az, = 0 implies az, € 75+ 1t follows that

S v, (A)poye (A)gRm2miBm2)

nezstl
— q—Q(azJ)e—QﬂiB(azJ Bz,) Z chC‘V] (aVJ +m) qQ(m)627rz‘B(m,zVJ)'
aVJ+m6(ZS+1+aVJ)ﬂVJ (

Convergence and modularity follows from Theorems and [5.3|if dim(F);) > 2 and from standard
facts on Jacobi theta functions if dim(F) = 1. O

5.3. Modularity of indefinite theta functions of signature (1,s): non-simplicial case.
Next we generalize Theorems and from simplicial cones to polyhedral cones arising in the
counting functions. The idea is to decompose polyhedral cones into simplicial cones.

5.3.1. Simplicial decomposition. We first mention some elementary results regarding simplicial de-
compositions of general polyhedrons. Then we restrict to the ones arising in the counting functions.

Lemma 5.7. One can decompose a convex r-dimensional polytope P into r-dimensional simplices
S1,...,S¢ which only overlap on their boundaries.

Proof. We prove the lemma by induction on r. Pick wg € P and label the faces of P not containing
wo as Fi,..., F. These are convex (r — 1)-dimensional polytope. By induction hypothesis, we can
split each of these into simplices, labeling all of these simplices as G1,...,Gy. Writing conv(M)
for the convex hull of the set M, the polytope P decomposes into the simplices S; := conv(G1 U
{wo}),...,Sr = conv(Gy U {wp}) overlapping only on the boundaries. O

We apply this to decompose polyhedral cones into simplicial cones.

Lemma 5.8. Let Q be a quadratic form of signature (1,s) and consider the cone R(C) with C :=
(co,...,cx) and R(C) C D, U{0}.
(1) One can decompose R into simplicial cones R(Ch), ..., R(Cy) C D4 U{0} intersecting only on
the boundary.
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(2) There exist W; C R¥T! and xw, satisfying {0} # W; N R(C;) € Dy U{0}, and additional
simplicial cones denoted by R(Cyy1),...,R(Cp) € Dy U{0}, and dj € R, such that

l h
pe(@) = po;(®)+ Y xw,(@)djpc, ().
i=1 j=t+1
Proof. (1) Note that (C) = R*T! and k > s since for any w € R**1\ (C)*, we have that w® (C)*+ C
R(C) € D4 UDy is at most one-dimensional due to the signature (1, s) of Q. Fix a vector d € R**!
with Q(d) > 0. We begin by intersecting the cone R(C') with the hyperplane

Hg:={x e R*" : B(d,x) =1}.
Since R(C') \ {0} has two connected components and Hy intersects only one of them, we can write
R(C)NHg={x e R°**" : B(d,z) = 1,B(cj,x) > 0 for 0 < j < k},
possibly after changing d — —d which is a s-dimensional convex polytope. By Lemma we

can decompose it into s-dimensional simplices Si,...,Se. Then there are £ sets C; (1 < j < /)
consisting of s 4+ 1 vectors each such that R(C;) := RS; and

¢
U R(C)j) =R S; =R(R(C)N Hg) = R(C)
Jj=1 Jj=1

since each simplex can be described by s + 1 conditions of the shape B(c,x) > 0. Thus the R(C})
form a decomposition of R(C') into simplicial cones intersecting only at the boundaries.

(2) By the proof of (1), pc(x) — Zﬁzlpcj (x) is supported on the boundaries of R(C}). By the
inclusion-exclusion principle, it consists of a linear combination of terms of the shape (see for
details) Z?:(ZH xw; ()pc, (). Here W; C RSt are subspaces with {0} # W; N R(C;) € D4 U{0}
(where for £ +1 < j < h there exists some 1 < k < ¢ such that C; = C}). Since W; contains
a positive vector, W; has signature (1,dim(W;) —1). Note that R(C;) N W; C (D4 U {0}) N W;
satisfies the conditions of the Lemma in the lower-dimensional subspace W;. Since the claim is true
for dim(W;) =1 (with £ = h = 1, Cy = C), this proves the claim by induction on dim(Wj). O

In the rest of this section, let (V, Q) be the quadratic space arising from the counting function
©(,, of convex polygons given in that satisfy the assumptionsﬂ of Theorem Let C = (¢ :
1 <k < N),N = s+3 be the set of normal vectors therein. By Proposition and Lemma one
has ¢ N (D4 U Dy) # {0}. By Lemma (3), we have Q(cg) < 0. Furthermore, any hyperplanes
whose intersection with R(C') has dimension s (i.e., the supporting hyperplanes) satisfies

ck N Dy # {0} (5.16)

and thus Q(cx) < 0 by Lemmal[4.3|(3). We next consider simplicial decompositions of R(C) C D4 U
Dy into simplicial polyhedrons with each of them satisfying Assumption [4.4] using the construction
in Lemmas and We follow the following procedure:

(1) We first decompose the polyhedron R(C) into small polyhedrons Ry each containing a small
neighborhood of one isotropic ray Rf and the complement RIY of the union of these small
polyhedrons. The cross section of the small polyhedron Ry is a cone over some polytope Py,
with the tip wo(f) (as in the proof of Lemma [5.7) given by the cross section of Rf.

(2) We apply the triangulation procedure in Lemma [5.7| with the cross section wo(f) of Rf chosen
as the reference vertex, to get a triangulation Xy for Ry. Any triangulation of Py gives such
a triangulation for Ry.

4 fact, the discussions below also apply to the case N = 4.
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(3) The simplicial triangulations of the small polyhedrons R¢ above also create faces for the comple-
ment polyhedron R[9. Apply the triangulation procedure in Lemma to get a triangulation
for the resulting complement polyhedron RI9.

Denote the resulting simplicial decomposition of R(C) by X. It is obtained by inserting hyperplanes
with normal vectors ¢ (N +1 < /¢ < N+ M) for M € Ng. We can arrange the newly inserted
hyperplanes such that all of the normal vectors are rational by perturbing them if necessary. Denote
as before A\; = B(cj,A) and A_; = B(—¢j,A), 1 <j <N+ M. Let JC{N+1,... N+ M}, J =
{N+1,...,N+ M} \ J. It follows that

N+M
peA) =pcN) ] (1 Togn(d) | 1 Sgn(A_Z))

2 2
{=N+1
S (ﬁusgnwnwsgn(xz)H1+sgn<u>
2 2 2
JC{N+1,..,N+M} \k=1 eJ Leje

N

L +sgn(Ag) yp1+sen(A_r) 11 1+sgn(le)

—(=1)N H 5 H 5 H 5 . (5.17)
k=1 teJ teJje

Let C(J) :=(¢; : 1 <j < NUJU(=J)). For each summand pc (s determined by J, the support

is contained in the intersection of the half-spaces

R(C(J)={X : Aj>0,¢; €C(J) or \; <0,¢cj € C(J)}.
Since X is a simplicial decomposition, F; := R(C(J)) C R(C) is a simplicial polyhedron. Take any
simplicial polyhedron A of dimension s+ 1 containing R(C(J)). Denote the set of normal vectors
of the codimension-one faces of Ay by C'(Ay). If F; C Ay, then the corresponding summand Do)
is a rational multiple of 5FJpC(ZJ)' Otherwise, we have F; = A; and Pe(r) — Po(a,y) is a linear
combination of functions of the form dg xPo(a,) where the G are proper faces of A obtained by
intersecting hyperplanes <cj>J-, cj € C(J)\ C(Ay), with Aj.

We next deal with the case where F; or Gk is an isotropic ray on which the theta functions
are divergent as discussed in Subsubsection [5.2.2l By the construction of simplicial decomposition,
it is enough to focus on the small polyhedron Ry that contains the isotropic ray Rf. We exclude
those normal vectors cg, 1 < k < N, satisfying

¢z NR(C)=c; NR(C)N Dy, (5.18)

which in the current case is equivalent to dim (cﬁ N R(C)) = 1 by Proposition and Lemma
The corresponding hyperplanes are non-supporting hyperplanes that intersect R(C') only at
the isotropic ray (see (5.16))), and removing them from C does not change R(C). Define

ores = {ck €C : ¢t NR(C)# ¢ NR(C)N Do} .
By Lemma (3), we then have C™8 = C'\ Dy.
Lemma 5.9. Replacing C' by C™8 in (5.17)), the resulting faces Fy and Gk are not isotropic rays.

Proof. For any isotropic ray Rf, denote the normal vector of the face of Ry that does not contain
wo(f) by co. By Proposition and Lemma there exists at most one non-supporting hyper-
plane that passes through the isotropic ray R f, and thus the set Cy of normal vectors from C'U cg
whose hyperplanes intersect Ry non-trivially consists of s + 2 elements.

Suppose that C;NDg # (. That is, there exists a non-supporting hyperplane for R whose normal
vector is contained in C'N Dy. After the exclusion of C'N Dy from C, the small polyhedron Ry is
simplicial near Rf (in the sense that the cross section of Ry is a simplex). Thus no decomposition
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of the small polyhedron Ry is needed. In this case, for any J such that Aj = Rg, one has
R(C(J))NRf = {0} or R(C(J)) = Ry depending on the sign of B(co, A). Otherwise, the set Cy
consists of vectors from C"8 U cqy. Suppose there exists a non-supporting hyperplane whose normal
vector ¢, € C™8 satisfies dim(cg N Ry) < s. Since dim(eg N R(C)) = dim(c} N Ry), by Lemma
3.9, we have that the face is an isotropic rayﬂ Thus ¢q € Dy by Lemma (3), contradicting the
fact that C*™& N Dy = . It follows that any hyperplane from C¢ is a supporting hyperplane.

We then consider the cross section of Rp. This is a cone over the polytope Py obtained by
intersecting s + 1 half-spaces in cé =~ R*~!, with the tip wo(f) being the cross section of the
isotropic ray Rf. The newly inserted hyperplanes in the simplicial triangulation Xy of Ry arise
from cones (first over wo(f) then over 0 € R*!) over newly inserted hyperplanes in Py that gives
rise to a simplicial triangulation Y¢ of Pp. Hyperplanes in Y} fall into two groups: the newly added
ones each containing the reference vertex wg in the construction using Lemma and the old
s + 1 hyperplanes used in forming Py C col. In particular, each of the new hyperplanes and old
half-spaces contains wqg. By the construction based on , the faces I’y of Gx above arise from
cones over intersections within Py of hyperplanes from the former group and half-spaces including
the latter group. Any such intersection contains wg and is thus non-empty. Since each cone
construction increases the dimensions of intersections by ondﬂ the cone of any such intersection,

now inside Xy, can not be the isotropic ray Rf. ([l

In sum, excluding the normal vectors subject to (5.18)) from C' eliminates the faces Fj, Gk that
are isotropic rays. Correspondingly pc is replaced by peres, with supp (pc — poree) € R(C) N Dy.

5.3.2. Modularity of indefinite theta functions for polyhedron cones. Combining Lemmas [5.8 and
Theorem and Corollary [5.6| we obtain.

Theorem 5.10. Assume (2.7), N > 5, and (2.15)). Let C = (¢cx : 1 < k < N),N = s+ 3 be the
set of normal vectors of R(C) C Dy U Dgy. Then ©g pres defines a meromorphic function and its
completion is a sum of modular forms of (positive) weights at most % and depth at most s.

Remark 5.11. If s + 1 < 4, then, using elementary geometry, it is easy to see that at most one
hyerplane is needed to construct a triangulation for Ry. In general, the simplicial decomposition for
R(C) satisfying the desired properties is far from being unique. It seems interesting to investigate
the dependence of the modular completion of ©q p.res 01 the simplicial decomposition.

We finally discuss modularity of ©¢ . Recall from (3.2) that x(X) = xc (), where

N N
v =[] 1+sgn(Ag) —06(Ak) COVTT 1 —sgn(Ae) — 6(A)

2 2
k=1 k=1

A direct computation shows that
xeW) = > EOIs0wpe™ = > (=D)Y50 ipe(N).
JC{1,...,N} keJ JC{1,...N}

Consider the following regularized version of x¢ (), excluding the contributions of isotropic rays

XGEA) = > 8¢y (A)pres (X). (5.19)
JC{1,..,N}
(CHLTNR(C)A(C1)LNDy

SFor general polyhedrons, the face could be either an isotropic ray or a face of dimension greater than one containing
the isotropic ray.
6We use the uncommon convention that the dimension of the empty set is —1.
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Note that solely removing C' N Dy from C' through the p-functions is not enough, since isotropic
vectors can arise from faces of R(C™#). By Lemma the above summation over index sets J is
equivalent to the summation over faces of R(C) that are not isotropic rays.

We finally arrive at the main modularity result stated in Theorem

Proof of Theorem[1.3. By Remark [3.5] we only need to consider N > 5. Using the construction of
cheg and Lemma the desired result follows from the same proof as Theorem ([l

Remark 5.12. We can prove the modularity with other versions of x¢ similarly using the same
approach. For example, consider

N N
=11 1+ sgn(Ag) +0(\) Y]] 1- sgn()\zk) —300)
k=1

2
k=1

A direct computation shows that
xAN = > 2V s0wpe,.N) = > 2750 po, (V).
JC{L,..,.N} keJ JC{L,..,N}

Again applying Corollary proves modularity of @varcgg.

Example 5.13. Consider the pentagon with the following angles 64 = 02 = 03 = 3, 04 = 05 = =

FIGURE 6. The figure on the left shows the pentagon, the one on the right shows a
cross section of the domain A in Proposition

Choosing A; (1 < j < 3) as independent parameters, the vectors v and w in [2.5) are v = (1,1,0)T
and w = (0,1,1)T. The matriz in (2.6) is

A =sin (g)

and correspondingly the quadratic form given in Lemma[2.7 is

=)
—_ = =
O =

. )\2
Q(X) = sin (g) (AlAQ Mg+ Aohs + 22) .

The positivity condition in (2.7)) is satisfied, so are the conditions in Lemma and (2.15)) by the
computations in Example . In fact, we take P = (Sin(%))fé Id and S = (sin(%))fé Id, so that
0 1 1

11
11
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The normal vectors in (3.5]) are then

-1 1 0 0 1
Cc1 = 1 s Co2 = —1 s C3 — 1 y Cq = 0 = eg3, Cs = 0 = eq.
0 1 -1 1 0

They satisfy Q(c1) = Q(c2) = Q(ez) = —3,Q(ca) = Q(cs) = 0. In particular, ¢ N R(C) =
¢y NR(C)N Dy for k € {4,5}. Consider for example the isotropic ray Rf given by Ao = A3 = 0,
that is, f = e1. For this ray, the subset & in Lemma is &1 = {c2,c3} and one can take E
there to be either {c2} or {cs}. By definition, we have C™® = {c1, c2,c3}.

A simplicial decomposition satisfying Assumption[4.4) can be obtained by inserting the hyperplane
with normal vector cg = ¢1 — reg with r € QF. Correspondingly we have A\g = A1 — rA3. The sets
of normal vectors of the resulting two small simplicial polyhedrons are given by Cpas := {co, c2,c3}
and Co21 := {co, c2,c1}, respectively. We have

5 5 3 3
A) = H 1+Sg;1(/\k) —(=1)° H 1*Sg;1()‘k)7 peres () = H 1+Sg;1(>‘k) —(—1) H 1*Sg;1()‘k)'
k=1 k=1 k=1 k=1

It follows that

pores (A) = peres(A) <1 +sgn(lo) | 1- sgn()\o)>

2 2
B 1+ sgn(Ag) 1) 1—sgn Ak)
(I g
k=0
1 +sgn(Ag) 1 —sgn(A )3 sgn (Ax) 1+ sgn(Ao)
- <:€H1 2 2 - H 2 '

The first summand is
H 1 +sgn(A,) 1 +sgn(A1) (—1)° H 1 —sgn(Ax) 1 —sgn(A)

2 2 2 2
ke{0,2,3} ke{0,2,3}

1 1
= PCo2s <1 - 26()‘1)> = PCo23 — 5])00235()\3)(5()\0).

Similarly, the second summand is pcy,, — 3PCosn0(A1)3(Xo). Combining them, we have

1 1
DCreg = PCooz T PCoa1 — 5])0023(5()\3)(5()\0) - 5]700215(/\1)5()\0) = PCo23 T PCo21 — pcreg§()\3)5()\1).

The contribution of pcresd(A3)6(A1) to OQ poreg gives the Jacobi theta function and is independent
of the choice of r € Q.

APPENDIX A. DEFORMATIONS OF POLYGONS WITH FIXED ANGLES

The condition 6 # 0, A\ # 0,1 < k < N and provide necessary and sufficient conditions
for O, A (1 < k < N) to yield an N-gon which can be a non-convex, or even a complex polygon
(namely one for which non-consecutive edges intersect) with the outer angles defined appropriately.
From elementary geometry, the necessary and sufficient conditions to yield a convex N-gon is

-1
D Appme ez e x 0150, (1<k<N,1<L<N-2),

m=0
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or
-1

D Appme i Zazolira x0T <0, (1<E<N,1<L<N-2).
m=0
We next discuss the conditions such that the N-gon is not simple. For N = 3, all N-gons are
simple. Hence we assume N > 4. Again, by elementary geometry, it is easy to see that an N-gon
is not simple if and only if there exists 1 < k < N and t € (0, 1] such that

(t)\k—l + )\kefw’“> X ()\k+167i(0k+9k+1)) = 0.
This can be simplified into the following:
there exist 1 <k < N, t € (0,1], suchthat tAg_qsin(fx + Ox11) + Agsin(fxy1) = 0.

The formula derived in Lemma is the signed area for the N-gon. While it is always non-zero
for simple polygons, it could be zero for complex polygons. Just as the area is defined to be a
signed area (as the cross product), the length Ay can also be defined as the signed one with respect
to the original orientation e %k,

FIGURE 7. Deformations of convex N-gons. The middle one is a convex (N — 1)-
polygon with area @), while the rightmost one is a complex N-gon.

Consider the deformations of a convex polygon by fixing the angles 6,1 < k < N and varying
the signed side lengths \; (1 < k < N). Assume that

O >0, Ory1 >0, Op+0p1<m, (A.1)

for certain k. As A\ — 0, the convex N-gon degenerates into an (N — 1)-polygon with angles given
by 01, ,0k—1,0k + 041, Ok+2,- - , 0N, as described in Lemma The signed (say positive) area
Q(A1,--+ ,AN; 01, -+ ,0N) for the original convex N-gon becomes the positive number

QO = Q(Hla oty Mk—1, k415t s UN 017 e 79k—17 9k + ek-‘rlv 9k+27 e aeN)

As the signed length Ay keeps decreasing to a negative value, the (N — 1)-polygon becomes a
non-simple one, with the same angles 0,1 < k < N. The signed area becomes

_ sin(@k) Sin(9k+1)

Vi ;

QSin(ek + 0k+1) Bt Qo
see Figure m for illustration. One can then extend the expression Q (A1, -+, An;01,--- ,0n) for the
area of a convex N-gon to a quadratic from with variables A1,--- , Ay and parameters 61, -+, 0.

The above geometric consideration gives that the sign of this quadratic form jumps at those values

for A\g, with k subject to the conditions in (A.1]), such that

_ sin(f) sin(fp41)

2sin(0y, + Op41)
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Any complex polygon for which non-consecutive edges intersect at points which are not vertices
can be deformed to a convex one through inverting the above deformation process iteratively.
Furthermore starting from a convex N-gon the value of the corresponding quadratic form at any
Ak (1 <k < N) can be realized as the signed area for a deformed polygon which has no more than
N sides. The non-convex case can be treated similarly.

w A1 =0

FIGURE 8. Different regions on RV~2 for fixed angles. The interior of the cone
consists of simple N-gons and possibly complex ones (depending on the convexity),
the boundary of the cone represents n-gons with n < N — 1, and the complement
of the closure of the cone consists of complex polygons and ones with negative
orientations.

Example A.1. Consider the enumeration of isosceles trapezoids as in Ezample [1.3. Comparing
the expressions for f(z) and J/”\(z), we see that the modular completion can be regarded as a weighted
count of trapezoids with the weight specified by both the sign function and the error function E, in
which not only simple trapezoids (i.e., those n satisfying x(n 4+ %) # 0) contribute but all possible

n contribute. The difference is a count weighted by the complementary error function

7 1 nf 3 n2 .
f(Z) — f(z) — 5 Z qjl62mn1z1 Z (sgn(—ng) ) <_n2\/%>> q_726_27”"222.
n1 €L no€7Z

Recall that the area of the polygon is %(n% — n3); intuitively the above difference is the contribution

of the complex polygons and those with negative orientations; see Figures[7 and[§ for visualizations.
We expect that similar phenomenon exists for the counting functions of more general polygons.
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